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This work deals with a new 

final year Mathematics majors  

beneficially replace the course in measure theory 

Kurzweil integral in an axiomatic set up, more intuitive and 

than Lebesgue integration. Henstock

modification of the notion of Riemann integral which encompasses Lebesgue as well 

as improper Riemann integrals, we have  all convergence theorems which are valid 

Lebesgue integral.We cover  Henstock

infinite dimensional integration , integration locally compact spaces and complete 

separable metric spaces. R.G. Bartle’s paper “Return Back to Riemann integral”. is 

recommended.  Using Henstock

Lebesgue integral.Taylor’s formu

integrationby parts.  Mean value theorem of differential calcul

maps is stated in integral form It is possible to offer a logical  proof of Lagrange’s 

mean value theorem thus blending differential calculus with integral 

Calculus.  L Hospital’s rules is

convergencetheorem, are proved 

Stieltjes integrals with respect to vector measures, 

abstract set up, but in Euclidean spaces axiomatics 

We offer a simple proof of dominated convergence theorem for vector 

measures The treatment of Fubni

offered  in measure theory. We 
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 approach to integration which can be used for a course for

final year Mathematics majors  to be continued  as a graduate course  and can 

beneficially replace the course in measure theory It introduces

in an axiomatic set up, more intuitive and 

Henstock-Kurzweil  integral is a simpl

modification of the notion of Riemann integral which encompasses Lebesgue as well 

as improper Riemann integrals, we have  all convergence theorems which are valid 

Lebesgue integral.We cover  Henstock-Kurzeweil integration in Euclidean space

infinite dimensional integration , integration locally compact spaces and complete 

separable metric spaces. R.G. Bartle’s paper “Return Back to Riemann integral”. is 

recommended.  Using Henstock-Kurzeweil one can integrate every derivative, unlike 

Taylor’s formula for vector valued maps is

Mean value theorem of differential calculus for vector valued 

stated in integral form It is possible to offer a logical  proof of Lagrange’s 

orem thus blending differential calculus with integral 

Hospital’s rules is derived. These amazing results along

are proved without building a theory of measure priori.

integrals with respect to vector measures, is  introduced. The treatment is in 

in Euclidean spaces axiomatics is not needed..   

We offer a simple proof of dominated convergence theorem for vector 

Fubni theorem is no more complicated than the  treatment 

in measure theory. We  obtain all results, pertaining to £p 
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we use nice geometrical sets, like rectangles.

integration rather than following a route of abstract sets.

The book quickly delivers what one

offer a simple treatment of Daniell  integral .

assuming values in Banach spaces and also with respect to vector premeasure. No 

properties of Banach spaces except completeness and the triangle inequality

But use of Banach spaces forces us to be coordinate free.  True,

integration theory are  dependent on order structure but it is better  to

notions. We offer an abstract  version of Riemann Lebesgue lemma , our original 

result. We give an integral definition of differential form with an elegant  proof of 

Stokes theorem following Alan Mac

Feynman path integrals can be defined

Only a stubborn academic conservatism can freeze

being introduced in curriculum. 

Integration of mappings  assuming values in a metric semigroup is considered. It 

includes the integration of fuzzy  mappings and Aumann integral for set valued 

mappings.. We are not concerned with pathology except to the point when it illustrates 

a fine point, neither  in necessary and sufficient characterizations. Thus notions like 

controlled convergence or ACG* are not touched upon.

https://sites.google.com/site/anilpedgaonkar/

    Deepawali  Padawa  , Kartik , 2016        

Applications  Chapter 1                VI  
https://sites.google.com/site/anilpedgaonkar/ 

 

we use nice geometrical sets, like rectangles. Measure of a set is computed using 

integration rather than following a route of abstract sets. 

The book quickly delivers what one needs from integration theory.

offer a simple treatment of Daniell  integral .We consider integration of mappings.  

nach spaces and also with respect to vector premeasure. No 

except completeness and the triangle inequality

spaces forces us to be coordinate free.  True, some

t on order structure but it is better  to localize

abstract  version of Riemann Lebesgue lemma , our original 

We give an integral definition of differential form with an elegant  proof of 

Stokes theorem following Alan Macdonald. As shown by Dr. Pat Muldowney 

defined rigorously using Henstock-Kurzweil

a stubborn academic conservatism can freeze Henstock-Kurzweil integral from 

mappings  assuming values in a metric semigroup is considered. It 

includes the integration of fuzzy  mappings and Aumann integral for set valued 

mappings.. We are not concerned with pathology except to the point when it illustrates 

n necessary and sufficient characterizations. Thus notions like 

controlled convergence or ACG* are not touched upon.   Book can be downloaded at 

https://sites.google.com/site/anilpedgaonkar/ 

eepawali  Padawa  , Kartik , 2016                                            Anil Pedgaonkar    

 

 

computed using 

needs from integration theory. We also 

e consider integration of mappings.  

nach spaces and also with respect to vector premeasure. No 

except completeness and the triangle inequality are used. 

some parts of 

localize these 

abstract  version of Riemann Lebesgue lemma , our original 

We give an integral definition of differential form with an elegant  proof of 

donald. As shown by Dr. Pat Muldowney 

Kurzweil approach. 

integral from 

mappings  assuming values in a metric semigroup is considered. It 

includes the integration of fuzzy  mappings and Aumann integral for set valued 

mappings.. We are not concerned with pathology except to the point when it illustrates 

n necessary and sufficient characterizations. Thus notions like 

Book can be downloaded at 

Anil Pedgaonkar     



Modern Integration Theory & Applications  
DOI: 10.13140/RG.2.2.12717.28648/1 III

 Preface 
 Notations Used 
1 Fundamental Theorem of Calculus 

A Partitions of an  interval 
 
B Gauges and taggedParttions    
 
C illustrations of gauges and tagged partitions
 
D   Henstock-kurzweil integral Definition  
 
E   Fundamental theorem of Calculus
 
 
F Taylors Theorem for vector valued mappings
 
G   Illuminating examples 

*@ H Computer Programs for partitions
  

Peripheral section

*I Metric Semigroups 
  
 

Applications  Chapter 1                VII  
DOI: 10.13140/RG.2.2.12717.28648/1 III  https://sites.google.com/site/anilpedgaonkar/ 

 

CONTENTS 

Fundamental Theorem of Calculus  
 

an  interval in ℝ* 

Gauges and taggedParttions     

C illustrations of gauges and tagged partitions 

integral Definition   

Fundamental theorem of Calculus 

Taylors Theorem for vector valued mappings 

ing examples  
Application Section 

Computer Programs for partitions           

eripheral section Appendix 
 

 

 
 
1-47 
 
11 
 
14 
 
16 
 
20 
 
25 
 
 
29 
 
33 
 
37 
 
 
 
40 



Modern Integration Theory & Applications  
DOI: 10.13140/RG.2.2.12717.28648/1 III  https://sites.google.com/site/anilpedgaonkar/

2 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 

 

 

 

 

 

 

 

  

 

 

 

 

 

  Framework  of an Integrable Manifold           

A arbitrary premeasures and Stilltjes integral on  

B Definition of the integral                                                  

C Basic properties 

eD Null sets, set of measure zero and negligible sets

E Results for additive and subadditive premeasures

F Generalized mean Value Theorem

G Overview of Integration in Euclidean spaces

HK Construction of an abstract integrable manifold

I  Loocal Radon Property 

J manifold on infinite arbitrary product of copies of 

K Integrable manifold in Topological & metric spaces

*L appendix metric semigroups

 

Passage to the Limit 

A  uniform convergence 

B Henstocks Lemma 

C Mappings of bounded variation and absolute integrability

D Henstock variation 

 E Monotone and Dominared convergence theorems

F  Hakes theorem 

G Equiintegrability 

H classical approach to monotone con

 

   

 

Applications  Chapter 1                VIII  
https://sites.google.com/site/anilpedgaonkar/ 

 

an Integrable Manifold            

A arbitrary premeasures and Stilltjes integral on  ℝ*         

Definition of the integral                                                   

Null sets, set of measure zero and negligible sets  

Results for additive and subadditive premeasures 

Generalized mean Value Theorem 

Integration in Euclidean spaces 

HK Construction of an abstract integrable manifold 

manifold on infinite arbitrary product of copies of ℝ* 

Integrable manifold in Topological & metric spaces 

*L appendix metric semigroups 

C Mappings of bounded variation and absolute integrability  

E Monotone and Dominared convergence theorems 

H classical approach to monotone convergence theorems 

  

 

 

 

 

 

 

     

48-105 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Modern Integration Theory & Applications  
DOI: 10.13140/RG.2.2.12717.28648/1 III

Please do (not) 

We have a “positive” approach towards th
Thus a positve function  f means a

We use the adjective

ℤ is the set of integers. 

real numbers, ℕ  or  is

ℝ* = ℝ    {-∞,∞}, ℕ* or 

 For a vector y, | y | denotes the norm

 We use the symbol || f || to denote 

 A \ B denote the set {x 

 Thus A\ B   denotes A – B

 Elements of ℝ*   are called extended real numbers

 0.∞ = ∞ .0 = 0.-∞ = -∞.0 =0 ,

- ∞ + x = - ∞.   For x > 0, 

For x < 0,  x.∞ =  ∞.x = -

 In each chapter all items are numbered consecutively

respectively means item number 3 ,a lemma and item number 5, a theorem in the current chapter.

 

 

 

 

 The term function is used  only when Codomain is 
and otherwise we use the term Mapping
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“positive” approach towards the usage of terms.
hus a positve function  f means a nonnegative function, f(x) 

We use the adjective, strict positive to mean f(x) > 0.

he set of integers. ℂ is the set of complex numbers. ℝ

is the  set of Natural numbers.   

* or * =ℕ {0 } 

| y | denotes the norm of y rather than  || y || .

We use the symbol || f || to denote ℒ1 norm of a mapping f.

 A: x  B} B may not be a subset of A.  

B.     Ã  or ~A denotes the complement of a set A.

are called extended real numbers. For  x  ℝ   

∞.0 =0 ,∞ + ∞ = x + ∞ = ∞ + x = ∞, -∞+ -∞ = x  

For x > 0,   x.∞ = ∞.x = ∞.    x.(-∞)  = -∞.x = -∞.  

-∞,  x.(-∞) =  -∞.x =  ∞.  ∞. ∞  = ∞,  ∞ .(-

In each chapter all items are numbered consecutively. Thus lemma [3] or  theorem [5] 

respectively means item number 3 ,a lemma and item number 5, a theorem in the current chapter.

 

function is used  only when Codomain is 
otherwise we use the term Mapping instead of function

 

skip this !   Notations Used 

e usage of terms.                  
nonnegative function, f(x) ≥ 0. 

to mean f(x) > 0. 

ℝ is the set of 

of y rather than  || y || .                                                   

norm of a mapping f. 

 

or ~A denotes the complement of a set A. 

  we define  

∞ = x  -∞ =  

 

-∞) = -∞.∞ = -∞.   

Thus lemma [3] or  theorem [5] 

respectively means item number 3 ,a lemma and item number 5, a theorem in the current chapter. 

  

function is used  only when Codomain is ℝ  or ℝ*  
instead of function.  
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Henstock-Kurzeweil  integral is obtained by a slight modification of the definition  

Riemann integral. It essentially employs ε

integral as well as the improper integral.

convergenve thorem and Fubini theor

course in the Calculus using ε- arguments, convergence of series, continuity, an 

understanding of  countable sets, but not required to know  the Riemann integral. 

offer a  logical proof of Lagrange’s mean value theorem, using the integral

the differential calculus and the integral calculus, a satisfying aesthetic bridge, 

cemented further, by proving L Hospital’s rule for complex functions using the 

integral. For vector mappings, the mean value theorem, Taylor’s theorem hold in 

integral form as the derivative is integrable. So t

Henstock-Kurzweil Integral. We cover

    The abstract framework covers integration in 

metric spaces, locally compact topological spaces, the 

respect to vector measures, infinite dimensional  Feynmann Path integral, Weiner 

integral and  £P spaces. We offer an abstract version of Riemann Lebesgue lemma, our 

original result. Countable additivity

the area of a rectangle and  the measurability of a 

clumsy proofs, a convoluted approach to something very intuitive.
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Prologue 

is obtained by a slight modification of the definition  

Riemann integral. It essentially employs ε–δ definition. It includes the Lebesgue 

s well as the improper integral. Monotone  convergence theorem dominated 

convergenve thorem and Fubini theorem  hold. Modest prerequisites are a semester 

arguments, convergence of series, continuity, an 

but not required to know  the Riemann integral. 

proof of Lagrange’s mean value theorem, using the integral 

the differential calculus and the integral calculus, a satisfying aesthetic bridge, 

L Hospital’s rule for complex functions using the 

mappings, the mean value theorem, Taylor’s theorem hold in 

integral form as the derivative is integrable. So the Calculus is incomplete without 

We cover, Riesz Representation theorem for C[a,b].

s integration in Euclidean spaces, complete 

metric spaces, locally compact topological spaces, the Stieltjes integral  even with 

infinite dimensional  Feynmann Path integral, Weiner 

We offer an abstract version of Riemann Lebesgue lemma, our 

ountable additivity of length function is not needed, nor the notion of 

the measurability of a rectangle is obtained with tricky, 

nvoluted approach to something very intuitive. 

 

is obtained by a slight modification of the definition  

δ definition. It includes the Lebesgue 

Monotone  convergence theorem dominated 

Modest prerequisites are a semester 

arguments, convergence of series, continuity, an 

but not required to know  the Riemann integral. We 

 that  blends 

the differential calculus and the integral calculus, a satisfying aesthetic bridge, 

L Hospital’s rule for complex functions using the 

mappings, the mean value theorem, Taylor’s theorem hold in 

he Calculus is incomplete without 
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complete separable 
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      We define the Henstock-

proof of the fundamental theorem of calculus. Henstock

mappings assuming values in a metric semigroup is introduced. It includes the integral 

for fuzzy  mappings and Aumann integral for  set valued mappings. We prove 2 new 

results, the Fundamental theorem of Calculus and

into a Metric semigroup.We offer original computer programs to find integrals for 

oscillatory functions. 

 We reserve the term function,exclusively 

For an arbitrary codomain  we use the term 

A   P

We give an overview of Henstock

interval [A, B] (possibly unbounded) on the real line. Proofs of the Properties such as 

linearity  and additivity are deferred to the next  chapter.

For any mapping f,  f(∞) & f(

We use the convention   0 . (

Definitions [ 1]  

a) O* = ( ∞, -∞} is called the polar set .The points in it are called polar points

b)  We have O∞  O*   O..

O∞ is called point at infinity. 

c) In  the vstandard  set up  length of an interval is the premeasure 

∆([a, b]) = b –a ,  and so  O∞

(d)A closed interval [A, B] in 
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Introduction to the  Chapter 

-Kurzweil integral on the real line. We offer an elegant 

proof of the fundamental theorem of calculus. Henstock–Kurzweil integral for 

values in a metric semigroup is introduced. It includes the integral 

for fuzzy  mappings and Aumann integral for  set valued mappings. We prove 2 new 

results, the Fundamental theorem of Calculus and mean value theorem for mappings 

We offer original computer programs to find integrals for 

e the term function,exclusively  when the codomain is  ℝ or 

For an arbitrary codomain  we use the term mapping instead of function.

A   Partitions  of an  interval in ℝ* 

We give an overview of Henstock-Kurzweil integral for mappings defined on a closed  

interval [A, B] (possibly unbounded) on the real line. Proofs of the Properties such as 

linearity  and additivity are deferred to the next  chapter. 

) & f(-∞)are zero  unless stated otherwise.  

We use the convention   0 . ( ∞)  =  0,  x  ∞ = ∞ , ℕ* = 

∞} is called the polar set .The points in it are called polar points

O..  O∞  is called the set of points at infinity

is called point at infinity.  

In  the vstandard  set up  length of an interval is the premeasure ∆ , that is              

∞ =  O* .                                 

)A closed interval [A, B] in ℝ*  is called a closed cell.  

 

Kurzweil integral on the real line. We offer an elegant 

Kurzweil integral for 

values in a metric semigroup is introduced. It includes the integral 

for fuzzy  mappings and Aumann integral for  set valued mappings. We prove 2 new 

mean value theorem for mappings 

We offer original computer programs to find integrals for 

or ℝ* . 

instead of function. 

Kurzweil integral for mappings defined on a closed  

interval [A, B] (possibly unbounded) on the real line. Proofs of the Properties such as 

* = ℕ  {0} 

∞} is called the polar set .The points in it are called polar points 

is called the set of points at infinity. Each point in 

∆ , that is              
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     A ,   can be -∞ or a real number. 

 [a, b] denotes a closed cell in 

  𝕏 denotes  the closed cell  [

(e) A closed cell  [A, B] is called infinite

Each infinite cell is an  unbounded cell in the  case, when  length is the premeasure.

Definitions [ 2]  𝕏° = 𝕏  , [a, ∞|° = (a, 

  Points in B° are called inside points

(a) Degenerate cell :  and singleton set {x} = [x, x] is called a degenerate cell.

 Clearly a  cell  contained in 

(b) Two  nondegenerate cells B and D  are called 

degenerate   cell .  so [a,, b] , [b,c], [e a] are mutually sepaerated cells.

 A degenerate  cell  D= {a} is said to be mutually separated from a 

nondegenerate  cell  B =[b, c],  if 

 Two degenerate  cells are called mutually separated, if they are disjoint.

 So if a ≠ b. cells [a] and [b] are mutually separated. So are [0,1] and [2, 3].

 (c) In the Euclidean space and in ℝ

we see that,    B* = {xX: x ∉  D°, for any  cell  D mutually separated from B }

If B  D, then B*  D*. 

Remarks [3]  :  (i) Intersection of degenerate cells is a degenerate  cell .

(ii) Intersection of cells is  a cell.   (iii)Intersection of  closed cells is a closed cell.

(iii) In the standard set up of Henstock
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∞ or a real number.    B can be ∞ or a real number 

in ℝ. Capital letter is used when endpoint

denotes  the closed cell  [-∞, ∞] = ℝ*.   

infinite, if either A or B  or both of them are ±

Each infinite cell is an  unbounded cell in the  case, when  length is the premeasure.

= (a, ∞], [-∞, a]° = [-∞,a) , [a, b]° = (a, b)

Points in B° are called inside points. 

and singleton set {x} = [x, x] is called a degenerate cell.

contained in a degenerate  cell  is itself a degenerate  cell .

cells B and D  are called mutually separated if  B ∩ D is a 

degenerate   cell .  so [a,, b] , [b,c], [e a] are mutually sepaerated cells. 

A degenerate  cell  D= {a} is said to be mutually separated from a 

nondegenerate  cell  B =[b, c],  if D ∩  B° is the empty set, that is a 

Two degenerate  cells are called mutually separated, if they are disjoint.

≠ b. cells [a] and [b] are mutually separated. So are [0,1] and [2, 3].

ℝ* each  cell B  is a closed  cell that is B* =B

D°, for any  cell  D mutually separated from B }

Intersection of degenerate cells is a degenerate  cell .  

cell.   (iii)Intersection of  closed cells is a closed cell.

(iii) In the standard set up of Henstock-Kurzweil integral on ℝ , the premeasure

endpoint  is  ∞ 

if either A or B  or both of them are ±∞. 

Each infinite cell is an  unbounded cell in the  case, when  length is the premeasure. 

, [a, b]° = (a, b) 

and singleton set {x} = [x, x] is called a degenerate cell.    

degenerate  cell  is itself a degenerate  cell . 

∩ D is a 

A degenerate  cell  D= {a} is said to be mutually separated from a 

 (b, c) 

Two degenerate  cells are called mutually separated, if they are disjoint. 

≠ b. cells [a] and [b] are mutually separated. So are [0,1] and [2, 3]. 

that is B* =B 

D°, for any  cell  D mutually separated from B }  

cell.   (iii)Intersection of  closed cells is a closed cell.   

premeasure ∆J of 
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(d)A cell is called a bounded

 (e) Partition : By a  partition

mutually separated cells Kk 

 Kk is called a block in the partition.

(e) Partitions of arbitrary  cells in 

letting all  cells in the partition as bounded  intervals, except for exactly one 

unbounded interval  [ s, ∞], for some s ≥ 0. 

A closed cell of type  [ -∞, b] is partitioned, by letting all intervals in th

bounded intervals, except for exactly one unbounded interval, [

 The interval [ -∞, ∞] is partitioned , by first partitioning it as { [

[s, ∞} | for some s >  0 in ℝ 

(f)  The infinite intervals occurring in the partition are called unbounded blocks

they have infinite premeasure.  This is the case when length is the premeasure.

For the general Henstock

mapping defined on ℝ* taking values in 

which can be in  ℝ*,]    or in  

The  integral is then  is called as Henstock

Remark: So  when ∆J = | J | , g(x) = x,  a  cell  is bounded   iff it  is not infinite
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bounded cell, if its premeasure is finite ,or it is a degenerate  cell

By a  partition of  a   cell [ a, b] in ℝ , we mean a division of [a, b] into 

 = [uk,vk], 1 ≤ k ≤ κ, for some κ ℕ,  uk< v

is called a block in the partition. 

(e) Partitions of arbitrary  cells in ℝ* :  A closed cell  of type [a, ∞] is partitioned , by 

letting all  cells in the partition as bounded  intervals, except for exactly one 

∞], for some s ≥ 0.  

∞, b] is partitioned, by letting all intervals in th

bounded intervals, except for exactly one unbounded interval, [-∞, -r], for some r 

∞, ∞] is partitioned , by first partitioning it as { [

 and then partitioning the bounded interval [

The infinite intervals occurring in the partition are called unbounded blocks

they have infinite premeasure.  This is the case when length is the premeasure.

For the general Henstock-Kurzweil integral on ℝ*, ∆J = g(b) –

* taking values in ℝ  [ with the exception of g(

or in  ℂ,  or in a Banach space or in a group. 

The  integral is then  is called as Henstock-Stieltjes  integral of f with respect to g.

J = | J | , g(x) = x,  a  cell  is bounded   iff it  is not infinite

 

 

 

cell, if its premeasure is finite ,or it is a degenerate  cell 

, we mean a division of [a, b] into 

< vk ,, u1  = a,  vκ = b  

∞] is partitioned , by 

letting all  cells in the partition as bounded  intervals, except for exactly one 

∞, b] is partitioned, by letting all intervals in the partition as 

r], for some r ≥ 0.  

∞, ∞] is partitioned , by first partitioning it as { [-∞, - s], [-s, s] . 

ed interval [-s, s].    

The infinite intervals occurring in the partition are called unbounded blocks, when 

they have infinite premeasure.  This is the case when length is the premeasure. 

– g(a), where g is 

with the exception of g(∞)and  g(-∞)  

 

integral of f with respect to g. 

J = | J | , g(x) = x,  a  cell  is bounded   iff it  is not infinite. 
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B              Gauges and Tagged partitions

A gauge allows us to select tag points from an interval at which we evaluate 

thyeRriemann sum .It controls the size of the blocks in the parttion.

Definitions [4]  

(a) Gauge : A gauge is a strictly positive function 

with δ( ∞) = δ(-∞). 

 x ≠ ± ∞, the gauge  determines a  closed interval δ[x] often denoted by δ

we set  δ[x] = [ x- δ(x), x + δ(x)]..

 The intervals  δ[∞]  = [ 
( )

 If for any x ,  δ(x) = ∞ , we set δ[x]  = δ

 ( b) Intersection of gauges : The family of gauges is   denoted by 

satisfy the   finite intersection property

©Finite Intersection property If   

denoted by    ∩λ  having the property that , 

 The gauge δ ∩ λ is defined as (

remark ; It is possible to allow the gauge to take value 0, at finitely many 

(d) A gauge δ is called finer than a gauge λ, and written as 

 if 𝛿(𝑥) ≤  𝜆(𝑥),  x  𝕏. We note tha

(e)We say a gauge δ is strictly  finer

 a  𝕏, such that δ(a) <  λ(a), We note that δ[a] 

Remark: A gauge  on 𝕏 can be a gauge on any   B, by restricting the domain of δ to 

𝕏 
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Gauges and Tagged partitions 

A gauge allows us to select tag points from an interval at which we evaluate 

thyeRriemann sum .It controls the size of the blocks in the parttion. 

strictly positive function , defined on ℝ*,taking values in 

, the gauge  determines a  closed interval δ[x] often denoted by δ

δ(x), x + δ(x)].. 

)
, ∞],      δ[-∞]  = [ -∞, 

( )
 ]  . 

δ(x) = ∞ , we set δ[x]  = δx= ℝ* =  𝕏  for that point x. 

The family of gauges is   denoted by 𝔾 , and it must  

finite intersection property described now..  

 and λ be two gauges defined on 𝕏 , then 

having the property that , ( ∩  λ)[x]     δ[x] ∩ λ[x] ,  x

is defined as (δ ∩ λ) (x) = min { δ(x), λ(x) |,  x  𝕏

It is possible to allow the gauge to take value 0, at finitely many 

than a gauge λ, and written as δ  ⸦ λ ,  

We note tha δ[x]   λ[x]  x  𝕏,  in this case

strictly  finer than a gauge λ, and write as δ ≪ λ , if δ ≤ λ 

, We note that δ[a]  ⊊  λ[a], in this case. 

can be a gauge on any   B, by restricting the domain of δ to 

A gauge allows us to select tag points from an interval at which we evaluate 

*,taking values in ℝ*  

, the gauge  determines a  closed interval δ[x] often denoted by δx and 

, and it must  

 a  gauge 

x in 𝕏 .  

𝕏 . 

It is possible to allow the gauge to take value 0, at finitely many points. 

in this case. 

λ , if δ ≤ λ and    

can be a gauge on any   B, by restricting the domain of δ to 
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 (f) Tagged partitions are defined by selecting a point as tag from each subinterval ,  

(g) But  for an interval of the type  [

interval of the type [x, ∞], only ∞ is allowed as a tag.

 (hk) Tagged Partition of a   cell   K:

finite collection P = { (xk, K

is a partition of  K., xk is  a tag of  K

The pair{(xk,Kk)} is called as a 

Remark The collection of tagged partitions of a  cell  K, can be restricted by putting restrictions on the tags, 

or on type of blocks allowed to occur. So the class of

 (l) We say the tagged partition is 

(m)Tagged Partial Partition:

subset Q of P, is called a partial partition ( tagged partial partition )  of B. Here Q 

(n) A partition Q is called a 

contained in a block of P. we write Q  

Definition [5 ] :  fine Block and δ fine tagged partition

 𝕀)For a gauge δ, a block (x, J) of a tagged  partition P,  is said to be 

J    δx,  and x is a polar  point , iff J is an infinite cell  containing x .

The tagged partition P is called δ fine if each tagged  block is δ fine.

We evaluate  the mapping f at tag points

If a mapping f is ∞ at a tag it is taken as 0, at that point

Remarks [6] : i) The same point can occur as a tag, for more than one block 

ii) In fact in ℝ* ,the same tag  can be allowed to be tag in 2 cells [a,b], [b, c].
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are defined by selecting a point as tag from each subinterval ,  

(g) But  for an interval of the type  [-∞, y] only -∞ is allowed as a tag, while for an 

∞], only ∞ is allowed as a tag. 

of a   cell   K: By a tagged partition P of a cell   K,

, Kk) : k =1, 2,.. κ}, where the collection {K

tag of  Kk., xk  Kk* (= Kk on the real line). 

)} is called as a tagged block.                                                         

The collection of tagged partitions of a  cell  K, can be restricted by putting restrictions on the tags, 

or on type of blocks allowed to occur. So the class of allowed  tagged partition  cell  K is denoted by 

We say the tagged partition is tagged in a set A, if all the tags xk belong to A.

: If P is partition ( tagged partition) of a  cell B, then any 

a partial partition ( tagged partial partition )  of B. Here Q 

partition Q is called a refinement of a partition P, if each block of Q,  is 

we write Q  ≤  P  to mean Q is a refinement of P.

fine Block and δ fine tagged partition:  δx = δ[x] , 

For a gauge δ, a block (x, J) of a tagged  partition P,  is said to be 

and x is a polar  point , iff J is an infinite cell  containing x .

The tagged partition P is called δ fine if each tagged  block is δ fine.

uate  the mapping f at tag points to form the Riemann sum 

∞ at a tag it is taken as 0, at that point. 

) The same point can occur as a tag, for more than one block 

* ,the same tag  can be allowed to be tag in 2 cells [a,b], [b, c].

 

are defined by selecting a point as tag from each subinterval ,   

∞ is allowed as a tag, while for an 

P of a cell   K, we mean a 

}, where the collection {Kk : k =1, 2,..,κ} 

on the real line).                       

                                                          

The collection of tagged partitions of a  cell  K, can be restricted by putting restrictions on the tags, 

cell  K is denoted by K. 

belong to A. 

If P is partition ( tagged partition) of a  cell B, then any 

a partial partition ( tagged partial partition )  of B. Here Q  P. 

of a partition P, if each block of Q,  is 

≤  P  to mean Q is a refinement of P.. 

 x   𝕏  

For a gauge δ, a block (x, J) of a tagged  partition P,  is said to be δ fine, if                     

and x is a polar  point , iff J is an infinite cell  containing x .. 

The tagged partition P is called δ fine if each tagged  block is δ fine.  

to form the Riemann sum ∑f(xk) ∆(xk) 

) The same point can occur as a tag, for more than one block  

* ,the same tag  can be allowed to be tag in 2 cells [a,b], [b, c].  
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C     Illustrations of  Gauges, tagged partitions  and Riemann sums

Intuitively as the gauge is smaller , partitions  shrink  finer, yielding a passage to the 

limit   The choice of  the gauge is entirely with us

We take the value of gauge at  a point x, small if the 

nearthe point or the mapping is undefined or unbounded at that point

We do not do any computation using the gauge function. A Gauge simply forces 

which points can be seleced as rags and Riemann sum is e

It should be born in the mind that primary purose of gauge is theoretical, One seldom 

needs actual gauge functions and actual parttion constructions. The primary purpose is     

to control the parttions under considertaiomns. the il

illustarte the concepts concretely. We shall do Fundamnatal theorem of calculcus  

which takes care of most actual computations.

Examples [7]  : We take ∆J = | J |. 

( 1) Consider B= [0,2]. A gauge δ is

A δ fine tagged partition is P = { ( 

Note [0, 1] ⸦ δ [  ]  = [  –  ,  + 

The Riemann sum is  f( ), | [0, 1] | + f(

Another tagged partition is Q = { (0, [0, 

Riemann sum is f(0) (  – 0) + f(1) ( 1 

Then the Riemann sum is  0.2/3 + 1.2/3 + ¼. 1 .

So we change it to 0. So effectively the corresponding term is omitted.
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of  Gauges, tagged partitions  and Riemann sums

, partitions  shrink  finer, yielding a passage to the 

The choice of  the gauge is entirely with us.   

at  a point x, small if the mapping oscillates rapidly 

the point or the mapping is undefined or unbounded at that point.                          

We do not do any computation using the gauge function. A Gauge simply forces 

which points can be seleced as rags and Riemann sum is evaluated at these tags

It should be born in the mind that primary purose of gauge is theoretical, One seldom 

needs actual gauge functions and actual parttion constructions. The primary purpose is     

to control the parttions under considertaiomns. the illustrations are given only to 

illustarte the concepts concretely. We shall do Fundamnatal theorem of calculcus  

which takes care of most actual computations.  . 

 

δ iss δ(x) = 1 if 1 ≤ x ≤ 2, δ(x) =2  elsewhere

A δ fine tagged partition is P = { (  , [0,1]) , ( , [1, 2] ) 

+  ] = [0, 1].  [1,2] ⸦ δ[ ] = [  - 1  +1] = [

), | [0, 1] | + f( ) | [1, 2] |  = f( ), ( 1 - 0) + f( ) ( 2 – 

Another tagged partition is Q = { (0, [0, ]), ( 1, [ , 1]), ( 2, [1, 2])} 

0) + f(1) ( 1 - ) + f(2) ( 2-1). Let f(x) = 1/ x2. 

Then the Riemann sum is  0.2/3 + 1.2/3 + ¼. 1 .    Note f(0) is ∞or undefined .

So we change it to 0. So effectively the corresponding term is omitted. 

of  Gauges, tagged partitions  and Riemann sums 

, partitions  shrink  finer, yielding a passage to the 

mapping oscillates rapidly 

.                           

We do not do any computation using the gauge function. A Gauge simply forces 

valuated at these tags. 

It should be born in the mind that primary purose of gauge is theoretical, One seldom 

needs actual gauge functions and actual parttion constructions. The primary purpose is      

lustrations are given only to 

illustarte the concepts concretely. We shall do Fundamnatal theorem of calculcus  

δ(x) = 1 if 1 ≤ x ≤ 2, δ(x) =2  elsewhere 

+1] = [ , ] 

 1) 

∞or undefined . 
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   Consider the partition P′ = { (

This is δ fine Note that tag 1 is repeated 

(2) Consider B =[0, ∞] a gauge 

P = { ((0 , [0, 2] ), { ( ∞, [2, ∞]} is 

= [0- δ(0), 0 + δ(0)] = [ -∞, ∞] and [2, ∞] 

Riemann sum is S(P, f) = f(0) ( 2 

Note we set f(∞) =0 .So unbounded cell is not included. Thus S(P,f) = f(0).2

Let f(x) = 1/x2. f is undefined at 0. So we set f(0) =

Another  δ fine tagged partition is Q = { (1, [0, 2] ), ( ∞, [ 1, ∞])}

The Riemann sum S(Q, f)  = f(1) 1. (

 f(x) = 1/x2. (3) B = [-∞, ∞]. Gauge 

P = { ( -π, [ -∞,  1], ( ∞, [ 1, ∞] ) }.P is not a 

though [ -∞, 1] ⸦ δ[-π} = [-π

 (4)Gauge,  (x) = , if 0 < x 

(x) = 1/5 otherwise. Any tagged par

( 5) Forcing a particular point as tag

(x) = 1/100 for any other x 

Suppose we integrate f(x) =  

f is undefined at 0 and is unbounded near 0. If we use a  gauge like 

as a tag then the first term in Ri

first term f(0).J1, but | J1| is less than 1/100 and can be made ar
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′ = { ( , [0, ½ ] , ( 1, (1 , [ ½ , 1]), ( 1, [ 1, 2]).

tag 1 is repeated for two intervals. A tag can be an end point.

∞] a gauge δ is δ(x) = 1/|x|, when x ≠ ∞ δ(∞) = 1.//

∞, [2, ∞]} is δ fine tagged partition. as [0, 2] ⸦

∞, ∞] and [2, ∞] ⸦ δ[∞] = [ 1/δ(∞), ∞] =[1,∞].

Riemann sum is S(P, f) = f(0) ( 2 -0) + f(∞) ( ∞ -2).  

∞) =0 .So unbounded cell is not included. Thus S(P,f) = f(0).2

is undefined at 0. So we set f(0) = 0. So Riemann sum 

Another  δ fine tagged partition is Q = { (1, [0, 2] ), ( ∞, [ 1, ∞])} we pu tf(

The Riemann sum S(Q, f)  = f(1) 1. ( 1-0) + f(∞). ∞ = 1 + 0 .∞  = 0. 

∞]. Gauge δ is δ(x) =|  | when x ≠ ∞, 0, 

∞,  1], ( ∞, [ 1, ∞] ) }.P is not a δ fine tagged partition,,                      

π-∞, -π+∞] = [-∞, ∞] as for  [-∞, 1], only tag can be 

, if 0 < x ≤  ½,  (x) = ½(1 - x), ½ < x < 1, (-∞) = 

Any tagged partition of [0, 1] must have 0 & 1 as tags.

) Forcing a particular point as tag:  Letthe  gauge δ be,(x) = x/2, for 0 < x 

(x) = 1/100 for any other x ℝ. b Any  fine partition of [0, 1] must have 0 as a tag. 

Suppose we integrate f(x) =  
√

 over [0, 1].  

f is undefined at 0 and is unbounded near 0. If we use a  gauge like , which forces 0 

as a tag then the first term in Riemann sum is zero. Alternatively we ar

is less than 1/100 and can be made arbitrarily small by 

 

½ , 1]), ( 1, [ 1, 2]). 

for two intervals. A tag can be an end point. 

) = 1.// 

⸦ δ[0]  

δ[∞] = [ 1/δ(∞), ∞] =[1,∞]. 

∞) =0 .So unbounded cell is not included. Thus S(P,f) = f(0).2 

So Riemann sum  is, S(P, f ) = 0. 

we pu tf(∞) =0 

∞, 0, δ(0) =1 = δ(∞) 

,,                       

∞, 1], only tag can be -∞. 

∞) = (∞) = 100, 

1 as tags. 

(x) = x/2, for 0 < x ≤ 1,         

[0, 1] must have 0 as a tag. 

, which forces 0 

emann sum is zero. Alternatively we are ignoring the 

bitrarily small by 
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(6) Let c  [ a, b]., and let 1 and 

(x) = 1(x), if x  [a, c),(c) = min { 

(x) is set , arbitrarily at all other points.

written as P1 P2, where P1 ≪  1,  

So P is anchored on c. 

 But if P1  1 fine tagged partition of [a, c] and P

then P1 P2 may not be a  fine  tagged partition of  [a, b].  

(7)Let c  [ a, b]., and let 1 and 2

(x) = min { 1(x), | c -x | if x  [a, c),

(x) = min { 2(x), | c -x |,  if x (c, b].

Any  fine tagged partition P of [a, b] must have c as a tag for any subinterval 

containing c. So every  fine tagged partition P of [a, b]

partitions P1 and P2, respectively of [a, c], [c, b]

S(P,f) = S(P1, f) + S(P2, f).  P1 and P

P containing c as tag, into two subintervals , K

 Both K1 and K2 have c as tag. 

Notation [8]:The need of a crisp but expr

course.          We shall denote gauges by the letters δ, λ, θ, γ or δ′, θ′, γ′,λ′.

We reserve the letters P, T, Q, R , P

The phrase P ≪ δ means P is a fine tagged partition

partition and the right side is a gauge . 

The phrase Q  P ≪ δ means Q is a δ fine partial partition.
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2 be two  gauges Define a  gauge   as,  

(c) = min { 1(c), 2(c) },(x) = 2(x), if x (c, b]..

(x) is set , arbitrarily at all other points. Any  fine tagged partition P of [a, b] can be 

,   P2 ≪ 2  and c is a tag of two adjacent subintervals. 

fine tagged partition of [a, c] and P2 is a 2 fine tagged partition of [c, b], 

fine  tagged partition of  [a, b].   

2 be two  gauges. Define a  gauge  as, 

[a, c),(c) = min { 1(c), 2(c) }, 

(c, b].(x) is set , arbitrarily at all other points.

fine tagged partition P of [a, b] must have c as a tag for any subinterval 

fine tagged partition P of [a, b], gives rise to two tagged 

, respectively of [a, c], [c, b], . P1 ≪  1, P2 ≪ 2 .  

and P2 are obtained by decomposing the subinterval J of 

P containing c as tag, into two subintervals , K1 = J ∩ [a, c] and  K2 = J ∩ [c, b].

[8]:The need of a crisp but expressive  notation was felt, when I taught the 

We shall denote gauges by the letters δ, λ, θ, γ or δ′, θ′, γ′,λ′. 

Q, R , P′, T′, Q′, R′ for partitions. 

δ means P is a fine tagged partition The left side is always a 

a gauge . We say P ≪δ  on B. if the cell B is mentioned.

δ means Q is a δ fine partial partition. 

(c, b].. 

fine tagged partition P of [a, b] can be 

c is a tag of two adjacent subintervals. 

fine tagged partition of [c, b], 

at all other points. 

fine tagged partition P of [a, b] must have c as a tag for any subinterval 

gives rise to two tagged 

are obtained by decomposing the subinterval J of 

∩ [c, b]. 

taught the 

side is always a 

if the cell B is mentioned. 
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The tagged partition { (xk, K

Once we use the letter P,  it is clear that blocks are K

the blocks or tags need not be spelled out explicitly

The tagged partition { (x′k′ , K

The convention about blocks and tags is

The tagged partition { (x1K, K

Bblocks are K1k and tags are x

are x11, x12,.. x1k1we can have P

The tagged partition { (tt, Tt) : t =1, 2,..

The tagged partition {(yj  Jj) : j =1, 2,..

The tagged partition {(vi  Ii) :i =1, 2,..

We also have  Q′, T′, R′ ,Q1, R

when we overrule thse conventions blocks and tags are specified explicitly.

.*Definition [9] Seminormed

where F =ℝ or ℂ , with a positive 

Y, and denoted by | . | such that,  | y |  

 | x + y |  |x| + |y|, x, y Y. The norm induces a metric d, d(x, y) = | x 

A seminormed space is called a 

A normed space,  complete in the metric induced by the norm is called a Banach 

space, that is every Cauchy sequence is convergent in a Banach space.

Examples of Banach spaces :

2) C[a, b],The vector space of continuous functions defined over  the bounded closed 
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, Kk): k =1, 2.. κ}  of any cell is denoted by P.

he letter P,  it is clear that blocks are Kk and tags are xk

the blocks or tags need not be spelled out explicitly  

, K′k′ ): k′ =1, 2.. κ′}  of any cell is denoted by P′.

The convention about blocks and tags is self evident. 

, K1k): k =1, 2.. κ1}  of any cell is denoted by P

and tags are x1k k =1,2..  κ1. So blocks are K11, K12, ,.. K

we can have P2, P3 etc defined analogously. 

) : t =1, 2,..…τ)}  of any cell is denoted by  T

Jj) : j =1, 2,..… r)}  of any cell is denoted by Q 

Ii) :i =1, 2,..… ξ)}  of any cell is denoted by R

, R1, and T1 denoted analogously 

when we overrule thse conventions blocks and tags are specified explicitly.

Seminormed space :A seminormed space Y, is a vector space over F, 

with a positive  real valued function called as  the norm defined on 

Y, and denoted by | . | such that,  | y |   0 ,| λ y | = |  λ | .  |y |, for y Y and λ 

Y. The norm induces a metric d, d(x, y) = | x 

space is called a normed space, if | y  | = 0, implies y = 0,

A normed space,  complete in the metric induced by the norm is called a Banach 

space, that is every Cauchy sequence is convergent in a Banach space.

Examples of Banach spaces : 1) Any Euclidean space ℝd is a Banach space over 

2) C[a, b],The vector space of continuous functions defined over  the bounded closed 

 

): k =1, 2.. κ}  of any cell is denoted by P. 

k k =1,2..  κ and 

κ′}  of any cell is denoted by P′. 

): k =1, 2.. κ1}  of any cell is denoted by P1. 

, ,.. K1k1  and tags 

τ)}  of any cell is denoted by  T 

)}  of any cell is denoted by Q  

)}  of any cell is denoted by R 

when we overrule thse conventions blocks and tags are specified explicitly. 

:A seminormed space Y, is a vector space over F, 

real valued function called as  the norm defined on 

Y and λ  F,  

Y. The norm induces a metric d, d(x, y) = | x - y |,  x, y  Y 

space, if | y  | = 0, implies y = 0, y Y.       

A normed space,  complete in the metric induced by the norm is called a Banach  

space, that is every Cauchy sequence is convergent in a Banach space.  

is a Banach space over ℝ.   

2) C[a, b],The vector space of continuous functions defined over  the bounded closed 
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D   Definition of the Hen

Definition [10]Negligible set: A set  Z, is said to be 

countable collection of   cells  {Bn: n 

 ∑  ∞ | ∆Bn |  ≤  ε, and  each   point z of Z 

Remarks: We can consider functions

provided  the set of points where the functions assume values 

We   redefine an unbounded mapping f so that, if f is unbounded at a tag t t

Definition [11] : Riemann sum : By a Riemann sum

a tagged partition  P, we mean  the 

 In the stnadrd case , ∆Jk is the length =  ,  | J

  f(tk). ∆Jk  is typically the term ∆Jk

 We can have a mapping undefined or assume values ±

 For such mappings , while forming a Riemann sum, we assume that the domain 

of the mapping is extended by setting f as 0 at the points of a negligible set  

where f is undefined or f is redefined at a negligible set  if it assumes  value ±

 When the length is the  premeasure

 In general  when the block is unbounded ( premeasure is 

at the corresponding tag which is either 

  In any case when the block is unbounded the corresponding term in the 

Riemann sum is set as 0, that is the term corresponding to an unbounded block 

and degenerate block  is omitted from the Riemann sum.
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D   Definition of the Henstock-Kurzweil Integral 

: A set  Z, is said to be Negligible, if given  ε > 0 , 

: n ℕ},  covering Z,  with the property that, 

and  each   point z of Z  Bn, for some n ℕ . 

functions assuming extended real numbers as values 

provided  the set of points where the functions assume values ∞ or - ∞is  negligible 

We   redefine an unbounded mapping f so that, if f is unbounded at a tag t then

: By a Riemann sum  of  a mapping f   associated with 

a tagged partition  P, we mean  the sum  ∑ 𝒇(𝒙𝒌)𝜿
𝒌 𝟏 .∆Kk.  It is denoted by  

is the length =  ,  | Jk| = bk – ak  if Jk =[ak, b

k. f(xk) when f(xk) is vector, and ∆Jk is scalar.

We can have a mapping undefined or assume values ±∞ on a negligible set.

while forming a Riemann sum, we assume that the domain 

of the mapping is extended by setting f as 0 at the points of a negligible set  

where f is undefined or f is redefined at a negligible set  if it assumes  value ±

When the length is the  premeasure,  we set f( ∞) = f( -∞) = 0. 

In general  when the block is unbounded ( premeasure is ∞) we treat the value 

at the corresponding tag which is either ∞ or -∞,  as 0.  

In any case when the block is unbounded the corresponding term in the 

as 0, that is the term corresponding to an unbounded block 

and degenerate block  is omitted from the Riemann sum. 

, if given  ε > 0 ,   a 

},  covering Z,  with the property that,  

assuming extended real numbers as values 

∞is  negligible  

hen, f(t) = 0 

of  a mapping f   associated with 

It is denoted by  S(P, f ).  

, bk]. 

is scalar. 

∞ on a negligible set. 

while forming a Riemann sum, we assume that the domain 

of the mapping is extended by setting f as 0 at the points of a negligible set  

where f is undefined or f is redefined at a negligible set  if it assumes  value ±∞.  

) we treat the value 

In any case when the block is unbounded the corresponding term in the 

as 0, that is the term corresponding to an unbounded block 
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 We have the convention that 0.

*Possible generalizations :You can skip this section at the first reading 

.In general ∆Kk can be g(bk) 

Kurzweil-Stieltjes  integral of f with respect to g.

 It is possible that ∆Jk is vector and f(x

 It is possible that both f(xk) and 

or the cross product. We refer to chapter 2  for details.

Theorem [12] : Countable union of negligible  sets  is a negligible set.  Subset of a 

negligible set is a negligible set.  

Examples[13]: Any countable set in 

length. Thus ℚ, ℕ , ℤ all are negli

Definition [14 ] Henstock-Kurzweil integral o

We say a mapping f (possibly unbounded on a negligible subset) assuming values in a 

Banach space Y, is Henstock

with the property that, given ε > 0, 

Symbolically lim → 𝑆(𝑃, 𝑓

.We need to ensure that integral is well defined.

Theorem [15]  Cousin’s Lemma

Proof: It is enough to consider a bounded interval [a, b]. Suppose the contrary and δ 

fine tagged partition of [a, b] does not exist for some gauge δ. We divide [a, b] in two 

subintervals [a, c] and [c, b], where c is midpoint of [a, b]. At least one of th
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We have the convention that 0.∞ = 0 .(-∞) = 0. 

:You can skip this section at the first reading 

) – g(ak) where g is mapping and we get Henstock

Stieltjes  integral of f with respect to g. 

is vector and f(xk) is a scalar. Then the term is f(x

) and ∆Jk are vector valued and the product is inner product 

or the cross product. We refer to chapter 2  for details. 

] : Countable union of negligible  sets  is a negligible set.  Subset of a 

negligible set is a negligible set.   

: Any countable set in ℝ is a negligible set under the usual premeasure 

all are negliigble sets in the standard  set up. 

Kurzweil integral over a nondegenerate cell  [A, B] in 

We say a mapping f (possibly unbounded on a negligible subset) assuming values in a 

Banach space Y, is Henstock–Kurzweil integrable over a cell   K = [A, B],

with the property that, given ε > 0, a gauge  such that, for p ≪ , | S (P, f ) 

) = 𝐼. The integral I  is denoted by∫ 𝑓(𝑡

.We need to ensure that integral is well defined. 

Lemma: For any gauge δ,  δ fine partitions of any cell exist.

Proof: It is enough to consider a bounded interval [a, b]. Suppose the contrary and δ 

fine tagged partition of [a, b] does not exist for some gauge δ. We divide [a, b] in two 

subintervals [a, c] and [c, b], where c is midpoint of [a, b]. At least one of th

 

:You can skip this section at the first reading  

g and we get Henstock-

) is a scalar. Then the term is f(xk). ∆Jk. 

ed and the product is inner product 

] : Countable union of negligible  sets  is a negligible set.  Subset of a 

s a negligible set under the usual premeasure 

ver a nondegenerate cell  [A, B] in ℝ*   

We say a mapping f (possibly unbounded on a negligible subset) assuming values in a 

Kurzweil integrable over a cell   K = [A, B], if  I  Y, 

, | S (P, f ) – I |  ≤  ε.  

𝑡)dt or F(K) 

: For any gauge δ,  δ fine partitions of any cell exist. 

Proof: It is enough to consider a bounded interval [a, b]. Suppose the contrary and δ 

fine tagged partition of [a, b] does not exist for some gauge δ. We divide [a, b] in two 

subintervals [a, c] and [c, b], where c is midpoint of [a, b]. At least one of the 
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not have  fine tagged partition and denote it by I

subinterval of I1 does not possess a 

which does not have  f///ine tagged partition and denote it by I

a sequence of nested subintervals I

a unique point x in the intersection. Since diameter tends to 0, 

so that In x. So we arrive at a contradiction. 

Theorem [ 16 ] : The integral is well defined.

Proof:  Suppose I′ is another value of integral. Hence given 

and there is a gauge  2 such that for any 

P2 we have , | S ( P1,F) – I | ≤  ε/2 and | S (P

defined as, δ(t) = min{δ1(t), δ2(t): t

| I –S(P, f) | ≤  ε/2 and| I  - S( P, f) | 

Definition [17] Null set :A subset Z of 

taking values in a Banach space, which is zero except on Z,  is integrable over 

integral as 0 . The Empty set is a null set. Any subset of a Null set is a Null set.       

Careful perusal  of the definition of Rie

conclusion that any subset of O∞ is a null set. on 

𝕀)The phrase Almost everywhere

set A , or for  almost all x in A ,  in if it holds except for a null set contained in A.

Remarks [18]: 

a)The indicator function 1  of a null set Z is integrable over 
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fine tagged partition and denote it by I1..We bisect I1. At least one of the 

does not possess a  fine partition. We select any one subinterval 

ine tagged partition and denote it by I2.Continuing we obtain 

a sequence of nested subintervals In whose diameter tends to 0. By Cantor’s theorem 

n. Since diameter tends to 0,  some n large enough, 

. So we arrive at a contradiction. ○  

The integral is well defined. 

′ is another value of integral. Hence given ε > 0, there is a gauge 

such that for any 1 fine partition P1 and any 2 fine  partition 

ε/2 and | S (P2 , F) – I′ | ≤  ε/2 . Select a gauge,

(t): t 𝕏 }. Then for  a δ fine partition P, 

S( P, f) | ≤  ε/2. So  |I – I ′| ≤  ε.  As ε is arbitrary, I =  I ′. ○

:A subset Z of 𝕏  is said to be a null set, if any mapping f 

space, which is zero except on Z,  is integrable over 

The Empty set is a null set. Any subset of a Null set is a Null set.       

Careful perusal  of the definition of Riemann sum and integral, leads to the  

is a null set. on ℝ * with length as the  premeasure

The phrase Almost everywhere: We say a property holds almost everywhere in a 

, or for  almost all x in A ,  in if it holds except for a null set contained in A.

of a null set Z is integrable over 𝕏 , and 𝕏 1  = 0.

. At least one of the 

fine partition. We select any one subinterval 

Continuing we obtain 

whose diameter tends to 0. By Cantor’s theorem  

some n large enough, 

ε > 0, there is a gauge 1 

fine  partition 

ε/2 . Select a gauge, δ= δ1∩ δ2 

ε.  As ε is arbitrary, I =  I ′. ○ 

if any mapping f 

space, which is zero except on Z,  is integrable over 𝕏 with 

The Empty set is a null set. Any subset of a Null set is a Null set.       

, leads to the  

* with length as the  premeasure 

say a property holds almost everywhere in a 

, or for  almost all x in A ,  in if it holds except for a null set contained in A. 

= 0. 
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 b)Given a  null set A   B* 

everywhere except on A,  then h is integrable over  B and 

 So the values of an 

without affecting the integrabilty status or the value of the integral.

 Thus we  allow extended real valued functions and undefined mappings  

provided the mapping is bounded or defined, 

 In integration of such mappings we, change the values taken by the mapping    

          and assign value zero, at such points.

Theorem [19]  f and g are two mappings which are equal  almost everywhere on B*. 

Then f is integrable over B if and

Proof : Suppose f is integrable. Let h = f 

is integrable over B and B h = 0. So   g is integrable and  

Theorem [201] :Every  negligible set  

Proof : Let Z be a negligible set.  

So each Zn is a negligible set.  So for each fixed n , Z

collection of    cells  {Bn, p} such that, each z  

and ∑  |∆𝐵 ,
∞ |   ≤  

.
 .  We now define a gauge δ. 

If x Z, then since Zn’s are pairwise disjoint, 

x Zn(x). Let n(x) = n. We let p

We have  a gauge δn(x) such that x

For x Z, define δ  arbitrarily.
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B* ,if a mapping h defined on B*  such that h is  zero almost 

everywhere except on A,  then h is integrable over  B and A h = 0. 

So the values of an integrable mapping can be altered, almost everywhere,

without affecting the integrabilty status or the value of the integral.

Thus we  allow extended real valued functions and undefined mappings  

provided the mapping is bounded or defined, almost everywhere

In integration of such mappings we, change the values taken by the mapping    

and assign value zero, at such points. 

f and g are two mappings which are equal  almost everywhere on B*. 

Then f is integrable over B if and only if g is integrable over B and   

Proof : Suppose f is integrable. Let h = f - g. Then h is zero almost everywhere. So h  

h = 0. So   g is integrable and  B f = B g.   

Every  negligible set  is a null set. 

: Let Z be a negligible set.   n ℕ, let Zn = { zZ | n-1 ≤ | f(z) | < n}. 

is a negligible set.  So for each fixed n , Zn can be covered by countable 

} such that, each z    Zn is contained in Bn, 

.  We now define a gauge δ.  

’s are pairwise disjoint,  a unique set Zn(x) , n(x

. Let n(x) = n. We let p to be the smallest integer such that z 

such that x δn(x)   B°n ,p, let δ(x) = δn(x).  

Z, define δ  arbitrarily. 

 

such that h is  zero almost 

almost everywhere, 

without affecting the integrabilty status or the value of the integral. 

Thus we  allow extended real valued functions and undefined mappings  

everywhere.  

In integration of such mappings we, change the values taken by the mapping     

f and g are two mappings which are equal  almost everywhere on B*. 

Bf = B g. 

g. Then h is zero almost everywhere. So h  

g.   ○  

≤ | f(z) | < n}.  

can be covered by countable 

n, p for some p ℕ  

, n(x) ℕ, such that  

B°n, p.  
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The sum of the terms corresponding

Now we consider the sum of those terms whose tags are in Z. Fix n 

For any r  Z, the   cells rk with tags in Z

So  | f(xk) | <  n,   for such   cells . 

 So, the sum of terms in | S(P, f ) | with tags in Z

Since Z is the union of the pairwise disjoint sets Z

| S(P, f) – 0 | = | S( P, f ) | ≤    ∑∞

Definitions [21] (a)Constant gauge

constant gauge. The constant value is called the mesh of the gauge.

(b) A bounded mapping , f is said to be 

interval     [a, b] with value of the  integral as I,  if given ε > 0, 

such that     | S(P, f) – I | ≤ ε,  

Remarks : (1)Henstock-Kurzweil  

Riemann  integral  any point is allowed as a tag  and only 

(2) Clearly a Riemann  integrable mapping is Henstock

( 3) If f is unbounded in the neighbourhood of  a point ά, then as we take tag near to ά, 

the absolute value of the  Riemann sum 

So an unbounded mapping can not be Riemann  integrable .

(3) So In Henstock-Kurzweil integration the irregularities of the mapping can be 

controlled by a subinterval of a smaller size containing the tag by selecting a  gauge 

having smaller value at a point of irregularity.
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The sum of the terms corresponding to tags not in Z is zero. 

Now we consider the sum of those terms whose tags are in Z. Fix n ℕ . 

with tags in Zn ∩ Bn,r are contained in Zn, r .    

 

| with tags in Zn is ≤  n. 
.

=   .  

Since Z is the union of the pairwise disjoint sets Zn , 

 = ε. Thus f is integrable with integral 0. 

gauge  A gauge function δ which is constant is called 

constant gauge. The constant value is called the mesh of the gauge. 

(b) A bounded mapping , f is said to be Riemann  integrable  over a bounded closed 

[a, b] with value of the  integral as I,  if given ε > 0,  a constant

 integral is similar to  Riemann integral, but in 

Riemann  integral  any point is allowed as a tag  and only constant gauges are used.

(2) Clearly a Riemann  integrable mapping is Henstock-Kurzweil  integrable. 

f f is unbounded in the neighbourhood of  a point ά, then as we take tag near to ά, 

the absolute value of the  Riemann sum ∞. 

ing can not be Riemann  integrable . 

Kurzweil integration the irregularities of the mapping can be 

controlled by a subinterval of a smaller size containing the tag by selecting a  gauge 

having smaller value at a point of irregularity.  

Thus f is integrable with integral 0. ○  

A gauge function δ which is constant is called 

over a bounded closed 

constant gauge δ 

Riemann integral, but in 

constant gauges are used. 

Kurzweil  integrable.  

f f is unbounded in the neighbourhood of  a point ά, then as we take tag near to ά, 

Kurzweil integration the irregularities of the mapping can be 

controlled by a subinterval of a smaller size containing the tag by selecting a  gauge 
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E Fundamental Theorem of Calculus 

We b egin with a remark for the value at points at 

Definition [22]: For a continuous mapping F defined on 

t F(∞) – F(a) =  lim →∞ 𝐹(𝑥

F(∞) - F(-∞) = lim →∞[𝐹(𝑥

Definition [23] Primitive of a mapping f

F and f be mappings defined on J assuming values in a Banach space Y.  

Let D = (A, B). We say a  mapping  F, continuous on 

F is differentiable  on D \ A, with F

We now show that every derivative of a continuous function is integrable over  

a  closed interval . This is not true for Riemann or Lebesgue

for unbounded intervals, the Cauchy principal value for infinite integrals.

Theorem [ 24 ]Fundamental theorem of Calculus

mapping f, on a closed cell   J = [A, B] in 

The    proof of the theorem depends  upon the following simple  lemma. 

Lemma [24] Straddle Lemma

F′(t) denoted by f(t), then for each 

Tt,= [t - ε(t), t + ε(t)]  such that whenever x 

| F(x) - F(y) – f(t).( x – y ) |      

Proof of the lemma : As F is differentiable at t,the derivative F
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Fundamental Theorem of Calculus  

We b egin with a remark for the value at points at ∞. 

: For a continuous mapping F defined on ℝ,  

𝑥) –F(a),    F(b) – F(-∞)  =  F(b)  -  lim →

𝑥) – F(-x)].  

of a mapping f  : let J = [A, B]   be an closed cell  in 

F and f be mappings defined on J assuming values in a Banach space Y.  

Let D = (A, B). We say a  mapping  F, continuous on ℝ ∩ J, is a primitive 

A, with F′(x) = f(x) , where  A is a countable set. 

very derivative of a continuous function is integrable over  

a  closed interval . This is not true for Riemann or Lebesgue integral. Our proof works 

for unbounded intervals, the Cauchy principal value for infinite integrals.

Fundamental theorem of Calculus : Let  F be  a primitive of  a 

mapping f, on a closed cell   J = [A, B] in ℝ*.  Then ∫ 𝑓(𝑥)𝑑𝑥 = 𝐹

The    proof of the theorem depends  upon the following simple  lemma. 

Straddle Lemma: If F is differentiable at   a point t, with  the derivative 

′(t) denoted by f(t), then for each  > 0,   ε(t) > 0 and a closed cell                              

(t)]  such that whenever x ≥ t ≥ y are in Tt,, we have

y ) |          . ( x - y).  

Proof of the lemma : As F is differentiable at t,the derivative F′(t)  being given by f(t) ,

( )  ( )

 

 

→∞ 𝐹(−𝑥),  

: let J = [A, B]   be an closed cell  in ℝ*. Let 

F and f be mappings defined on J assuming values in a Banach space Y.   

∩ J, is a primitive of f on J if 

A is a countable set.  

very derivative of a continuous function is integrable over  

integral. Our proof works 

for unbounded intervals, the Cauchy principal value for infinite integrals. 

: Let  F be  a primitive of  a 

𝐹(𝐵) − 𝐹(𝐴).  

The    proof of the theorem depends  upon the following simple  lemma.  

: If F is differentiable at   a point t, with  the derivative 

0 and a closed cell                              

we have,    

t)  being given by f(t) , 
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So | F(z) – F(t) – f(t). (z - t) |  ≤  ε.|z 

Pick up x, y  Tt such that    x ≥ t ≥  y, 

, | F(x) - F(t) - f (t).(x - t) |     .(x-

The result follows by the addition of these two inequalities , using the triangle 

inequality and, the order   x ≥ t ≥ y.

| F(x) - F(t) + F(t) –F(y) - f (t).(x - 

| F(x) – F(y) –f(t) ( x-y) | ≤   ε.( x –

Remark : x and y need to straddle t, that is x and y  occur on different sides of t. The 

lemma asserts that the slope of the chord join

good approximation to the slope of the tangent at the point whose ordinate is t.

 

 Proof of the  Fundamental theorem : We first let

Let A be the exceptional set for F. Consid

It is a countable set, and hence  a negligible set. Let Z = {a

Since values of f on Z do not change the integrability status or the value of the 

integral, we assume f(an) = 0,  n 

Let ε > 0  be given. If x  D\ Z, we let 

 If x Z, then x = an, for some n 

and [an] to be a closed cell En= [a

For a point x  ℝ* which is not in  
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ε.|z – t |.,  z  Tt = [ t- δε(t), t + δε(t)].  

≥ t ≥  y,  

- t),          |   F(t) - F(y) - f (t). (t - y) |         

The result follows by the addition of these two inequalities , using the triangle 

≥ t ≥ y. 

 t) - f(t) (t –y) |  ≤  ε. ( x –t + t –y) ≤  ε ( x-

– y).  ○ 

x and y need to straddle t, that is x and y  occur on different sides of t. The 

lemma asserts that the slope of the chord joining the points, with ordinates x  and y is a 

good approximation to the slope of the tangent at the point whose ordinate is t.

ntal theorem : We first let  J = [a, b]  a bounded closed cell.

Let A be the exceptional set for F. Consider Z = A  {a, b} . 

It is a countable set, and hence  a negligible set. Let Z = {an: n ℕ}.  

Since values of f on Z do not change the integrability status or the value of the 

ℕ.   

Z, we let  be the gauge δε as in the straddle lemma. 

ℕ. Since F is continuous at an , we can select 

= [an - n, an +n ] so that | F(x) – F(an) | ≤ 

* which is not in  Z, let [x] be any closed cell  containing x, which 

    .(t - y). 

The result follows by the addition of these two inequalities , using the triangle 

- y) 

x and y need to straddle t, that is x and y  occur on different sides of t. The 

ing the points, with ordinates x  and y is a 

good approximation to the slope of the tangent at the point whose ordinate is t. 

J = [a, b]  a bounded closed cell. 

Since values of f on Z do not change the integrability status or the value of the 

as in the straddle lemma.  

, we can select n > 0 

,  x  En.  

[x] be any closed cell  containing x, which 
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If an is a tag of some subinterval  [x

| F(xt) – F(xt-1) – f(an).(xt – x

                                                            

Now a point of Z can be the tag of at most two subinterval

terms with tags in Z is,  ∑ 

 By straddle lemma the sum of terms with tags not in Z, is

∑   | F(xt) – F(xt-1) – f(t).(x

So  | S(P, f) – ( F(b) – F(a) ) |  

If we have J as the  closed cell  of type [a, 

select b so that | F(∞) – F(b) | <  ε. 

We select gauge δ so that, δ[

by using the straddle lemma. We note f(

 ∫ 𝑓(𝑥) 𝑑𝑥
∞

= F(∞) – F(a). We proceed similarly for the closed cell [

If we have  the closed cell  [

| F(-∞) – F(-s) | < ε , | F(∞) 

We select a gauge δ, so that δ[

select a gauge δ, by straddle 

Example [25] : We offer an example of a function which 

Lebesgue integrable but Henstock

Define a function F on [0, 1] by, F(0) = 0, for x 
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is a tag of some subinterval  [xt-1, xt], then,   

xt-1)|  ≤ | F(xt) –F(an) | +| F(an) –F(xt-1) | +|f(a

                                                            ≤   +  + 0 =   , as f(a

Now a point of Z can be the tag of at most two subintervals in P. Hence for the sum of 

  | F(xt) – F(xt-1) – f(tk).(xt – xt-1) |  ≤  ∑∞

By straddle lemma the sum of terms with tags not in Z, is 

f(t).(xt – xt-1) | ≤    ε. ∑ (  xt – xt-1)   ≤ ε.  (b 

F(a) ) |  ≤   ε.(1 + b –a) . As ε > 0 is arbitrary we are done. 

If we have J as the  closed cell  of type [a, ∞], then  for a < b < ∞, and given 

F(b) | <  ε.  

We select gauge δ so that, δ[∞] = [v, ∞], v ≤ b and on  [a, b], we select the  gauge 

by using the straddle lemma. We note f(∞) =0 and ∞ is the tag point for [b, 

F(a). We proceed similarly for the closed cell [

ve  the closed cell  [-∞,  ∞], then for  -∞ < -s < s< ∞, we select s so that,                

) – F(s) | < ε.  

We select a gauge δ, so that δ[-∞] = [-∞, -v], δ[∞] = [v, ∞], v < s  and on [a, b], we 

select a gauge δ, by straddle lemma.      ∫ 𝑓(𝑥) 𝑑𝑥
∞

∞
= F(∞) – F(-∞). 

: We offer an example of a function which is not Riemann integrable or 

Lebesgue integrable but Henstock-Kurzweil integrable. 

Define a function F on [0, 1] by, F(0) = 0, for x ≠ 0,   F(x) = x2 Cos (

 

) | +|f(an).(xt – xt-1) |  

, as f(an) = 0.  

s in P. Hence for the sum of 

∞   = ε. 

ε.  (b –a ). 

0 is arbitrary we are done.  

∞], then  for a < b < ∞, and given ε > 0,  We 

≤ b and on  [a, b], we select the  gauge δ 

is the tag point for [b, ∞].  

F(a). We proceed similarly for the closed cell [-∞, a]. 

∞, we select s so that,                

], v < s  and on [a, b], we 

). ○ 

is not Riemann integrable or 

/x2), otherwise. 
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As f is unbounded near 0, f is not Riemann  integrable, but f is Henstock

integrable, by the fundamental theorem of calculus.  Integral of f is 

Moreover f is not Lebesgue integrable either. To see this, let 0 < a <  b < 1, then f is 

Riemann integrable on [a,b] as f is continuous with the value b

Set bk =   and ak= .    ∫

Since the intervals [ak, bk] are pair wise disjoint & infinite in number we have that 

integral of | f | on  [0, 1] is    k 

So f is not absolutely  integrable  and hence f  is not  Lebesgue integrable.  

Remark :Every Lebesgue integrable mapping is Henstock

Theorem [26] Mean Value theorem for Vector valued mappings

continuous on [a, b], and differentiable in (a, b) except at a countable number of points 

, then,   F(b) – F(a) =   h.∫ 𝐹 (𝑎 +

Proof: F(b) – F(a) = ∫ 𝐹 (𝑡) dt by the  fundamental Theorem of calculus. 

By chain rule F is a differentiable mapping  of

with respect to t is derivative of F with respect to 

immediate by  the fundamental theorem of Calculus, noting that  h is constant.  

Remarks: 1) The mean value theorem is a crucial tool to establish many results in 

differential calculus. We have  obtained  a version of the m

equality in integral  form as in the books by Serge Lang [46, 47]. We refer to the 

books by Jean Dieuodenne [21], Serge Lang  [46, 47], for the  calculus  in Banach 
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As f is unbounded near 0, f is not Riemann  integrable, but f is Henstock-Kurzweil  

integrable, by the fundamental theorem of calculus.  Integral of f is -1.  

Moreover f is not Lebesgue integrable either. To see this, let 0 < a <  b < 1, then f is 

Riemann integrable on [a,b] as f is continuous with the value b2cos/b2 -  a2

𝑓 =  . So . ∫ |𝑓 |   ≥ 
  

 .  

] are pair wise disjoint & infinite in number we have that 

  = .  

So f is not absolutely  integrable  and hence f  is not  Lebesgue integrable.  ○

integrable mapping is Henstock-Kurzweil  integrable

Mean Value theorem for Vector valued mappings: Let F be a mapping 

continuous on [a, b], and differentiable in (a, b) except at a countable number of points 

+  . ℎ)d, where h = b – a. 

dt by the  fundamental Theorem of calculus.  

By chain rule F is a differentiable mapping  of and for  t = a + .h,  derivative of F 

with respect to t is derivative of F with respect to  multiplied  by h. The proof is 

immediate by  the fundamental theorem of Calculus, noting that  h is constant.  

Remarks: 1) The mean value theorem is a crucial tool to establish many results in 

differential calculus. We have  obtained  a version of the mean value theorem as an 

equality in integral  form as in the books by Serge Lang [46, 47]. We refer to the 

[21], Serge Lang  [46, 47], for the  calculus  in Banach 

Kurzweil  

Moreover f is not Lebesgue integrable either. To see this, let 0 < a <  b < 1, then f is 

2cos/a2.  

] are pair wise disjoint & infinite in number we have that 

○ 

Kurzweil  integrable .   

: Let F be a mapping 

continuous on [a, b], and differentiable in (a, b) except at a countable number of points 

 

.h,  derivative of F 

multiplied  by h. The proof is 

immediate by  the fundamental theorem of Calculus, noting that  h is constant.  ○ 

Remarks: 1) The mean value theorem is a crucial tool to establish many results in 

ean value theorem as an 

equality in integral  form as in the books by Serge Lang [46, 47]. We refer to the 

[21], Serge Lang  [46, 47], for the  calculus  in Banach 
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Theorem [22] Mean Inequality for Mappings

 [a, b], and differentiable in (a, b)except at a countable number of points , and suppose 

there exists a constant M  0 such that |f

exists then     | F(b) – F(a) | 

Proof :- F(b) – F(a) =   ∫ 𝐹

Definition [27] Indefinite Integral as a point mapping in case of real line:

F(x) = ∫ 𝑓(𝑡)𝑑𝑡. = J f  , where J = [

then f can be extended to ℝ*, by setting it as 0 at all other points. 

 We see that F can be thought as set mapping

define F(A) = F(d ) – F(c ),  if A = 

Theorem [28] :The indefinite integral of a continuous  mapping f ,  over a closed 

interval  B = [a, b] ( possibly unbounded ) in 

continuity of f , x  (a, b) with F

a and b , provided f is continuous at these points and  F

statements hold at each point of [a, b] where f is continuous from right( left).

Proof :. Let ε > 0 be given. Let x 

,f(x)  -  ε < f(t) < f(x+ ε) for  x

Thus | F(v) - F(x) -  f(x) (x -

| F(u) - F(x) -  f(x) (u - x) | < ε (u

Thus | F(u) - F(v) -  f(x) (u -

Thus F is  differentiable at x and F 
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Mean Inequality for Mappings :Let F be a mapping , continuous on

[a, b], and differentiable in (a, b)except at a countable number of points , and suppose 

0 such that |fʹ (x) |  M,  x  (a, b) , where the derivative 

  M .(b - a) 

 (𝑡) dt  ∫ 𝑀 dt  M. ( b – a). ○ 

Indefinite Integral as a point mapping in case of real line:

f  , where J = [-∞, x]. We note that if f is defined over    [a, b] 

*, by setting it as 0 at all other points.  

F can be thought as set mapping defined over intervals and we 

F(c ),  if A = [c, d]. 

The indefinite integral of a continuous  mapping f ,  over a closed 

interval  B = [a, b] ( possibly unbounded ) in ℝ*  is differentiable  at each point x of 

(a, b) with Fʹ(x) = f(x) . Also one sided derivatives exist at points 

a and b , provided f is continuous at these points and  Fʹ(a) = f(a), Fʹ(b) = f(b). Similar 

statements hold at each point of [a, b] where f is continuous from right( left).

Proof :. Let ε > 0 be given. Let x  (a, b). Since f is continuous at x, 

ε < f(t) < f(x+ ε) for  x- δ <  t  < x + δ.  

- v) | < ε (x-v) for  x- δ <  v   x and  

x) | < ε (u-x), for     x    u <  x + δ. 

- v) | < ε. ( u - v), for u. v in δ neighbourhood of x. 

Thus F is  differentiable at x and F ʹ ( x) = f(x). ○ 

 

:Let F be a mapping , continuous on 

[a, b], and differentiable in (a, b)except at a countable number of points , and suppose 

(a, b) , where the derivative 

Indefinite Integral as a point mapping in case of real line: We define 

∞, x]. We note that if f is defined over    [a, b] 

defined over intervals and we 

The indefinite integral of a continuous  mapping f ,  over a closed 

*  is differentiable  at each point x of 

. Also one sided derivatives exist at points 

ʹ(a) = f(a), Fʹ(b) = f(b). Similar 

statements hold at each point of [a, b] where f is continuous from right( left). 

 δ > 0, such that 

v), for u. v in δ neighbourhood of x.  
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F          Taylors Theorem for vector valued mappings

Theorem [29] Integration by Parts 

space Y and defined over an interval  [A, B]

[A, B].  Let F and G be primtives of f and g respectively. Then g.F + f.G is Henstock

Kurzweil integrable and                   

Also g.F is Henstock-Kurzweil integrable mapping if and only if .G.f is Henstock

Kurzweil integrable and,         ∫ 𝑔.

Proof:  By product rule of derivatives 

number of points. So by fundamental theorem of Calculus the first conclusion follows. 

The second statement follows as G.f = ( G.f + g.F) 

Example [30] : Let G(x) = 𝑥. Cos (

Let F(x) = x. F is a primitive of f(x), the constant function 1. G is a primitive of g. 

g(x)=  Cos(


 ) + 

  Sin(


 ), for x 

The product FG is a primitive of the function (F. G)

for x (0, 1] and (FG)′ (0) = 0. We have that f.G is Lebesgue integrable.

But Fg (x) = x. Cos(


 ) + 

 
  Sin(

Thus  due to the presence of the second term F.g is not Lebesgue integrable.

So the second conclusion fails for Lebesgue integral. 

   Taylor’s theorem works for vector

n+1th derivative should be integrable 
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Taylors Theorem for vector valued mappings 

 :Let  f be a mapping taking values in a Banach 

interval  [A, B] in ℝ* and g be a function defined over             

[A, B].  Let F and G be primtives of f and g respectively. Then g.F + f.G is Henstock

           ∫ 𝑔. 𝐹 + 𝑓. 𝐺 = G(b).F(b) – G(a).F(a). 

Kurzweil integrable mapping if and only if .G.f is Henstock

. 𝐹  + ∫ 𝐺. 𝑓 = G(b).F(b) – G(a). Fa). 

Proof:  By product rule of derivatives (G.F)′ = g.F + G.f except possibly at a countable 

number of points. So by fundamental theorem of Calculus the first conclusion follows. 

The second statement follows as G.f = ( G.f + g.F) – g.F. ○ 

. Cos (


 ) for x  (0, 1] and G(0) = 0. 

Let F(x) = x. F is a primitive of f(x), the constant function 1. G is a primitive of g. 

), for x  (0, 1] , and  g(0)  = 0. G′ =g,  except at x = 0. 

The product FG is a primitive of the function (F. G)′ (x) = 2x.Cos(


 ) + 

  

′ (0) = 0. We have that f.G is Lebesgue integrable. 


 ), for x  (0, 1].  

Thus  due to the presence of the second term F.g is not Lebesgue integrable.

So the second conclusion fails for Lebesgue integral.  

theorem works for vector mappings only with integral form of emainder,

egrable .Henstock-Kurzweil integral is a natural tool.

f be a mapping taking values in a Banach 

and g be a function defined over             

[A, B].  Let F and G be primtives of f and g respectively. Then g.F + f.G is Henstock-

  

Kurzweil integrable mapping if and only if .G.f is Henstock-

′ = g.F + G.f except possibly at a countable 

number of points. So by fundamental theorem of Calculus the first conclusion follows. 

Let F(x) = x. F is a primitive of f(x), the constant function 1. G is a primitive of g. 

′ =g,  except at x = 0. 

  Sin(


 ) 

Thus  due to the presence of the second term F.g is not Lebesgue integrable. 

mappings only with integral form of emainder, so 

Kurzweil integral is a natural tool. 
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Theorem [31 ] Taylors’ formula

[a, b] ℝ, assuming values in a Banach space, and f along with its derivatives up to n

order, are continuous on [a, b] and f

(a, b). Let Rn = ∫ 𝑓( )(𝑡)

and,  f(b) = f (a) +f (1)(a). (b 

Remark:  When f (n+1)(t) exists at all points in   (a, b), then we can also obtain usual 

Cauchy and Lagrange form of remainder.

Proof :  We use induction and integration by parts .For n  = 0 the result follows by 

Fundamental theorem of calculus. We use  integration by parts with F = f

G(t) = 
( )( )

( )!
.  First integral exists by induction, hypothesis by continuity.  Thus ,

∫ 𝑓( )(𝑡).
( )

( )!
 = f(n)(a)

(

everywhere, we use the mean value theorem for the  integral[Chapter 2,Theorem  ] 

with  g = 
( )

!
 to get the Lagrange form of remainder 

Rn= 𝑓( )(𝑐). ∫ .
( )

!
 dt = f

To obtain Cauchy form of remainder we use mean value theorem [Chapter 2, Theorem 

61] for Rn with g as 1. Thus We get    R

 Example[28] L Hospital’s Rule is not valid for complex valued functions. Consider 

f(x) = √x  , g(x) = √x + x sin(1/x), h(x) = 

0.   lim𝑥→0 [ 𝑔𝑥+ 𝑖 ℎ𝑥]=0.

ℎ′(𝑥) = 0. 
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Taylors’ formula : Let f be a mapping defined over a bounded 

assuming values in a Banach space, and f along with its derivatives up to n

order, are continuous on [a, b] and f(n+1)exists except a countable set of points in 

( ).
(  )

!
 dt. Then the mapping  f(n+1)(t).(b-

(a). (b - a) + f(2) (a).
( )

 +….+f(n)(a).
( )

!
 + R

(t) exists at all points in   (a, b), then we can also obtain usual 

Cauchy and Lagrange form of remainder. 

Proof :  We use induction and integration by parts .For n  = 0 the result follows by 

Fundamental theorem of calculus. We use  integration by parts with F = f

.  First integral exists by induction, hypothesis by continuity.  Thus ,

( )

!
  + Rn Further if the n+1th derivative exists 

everywhere, we use the mean value theorem for the  integral[Chapter 2,Theorem  ] 

to get the Lagrange form of remainder  

dt = f(n+1) (c). 
( )

( )!
 . 

To obtain Cauchy form of remainder we use mean value theorem [Chapter 2, Theorem 

with g as 1. Thus We get    Rn = f(n+1) (c).
( )

!
 . ( b - a). ○

L Hospital’s Rule is not valid for complex valued functions. Consider 

x + x sin(1/x), h(x) = √x  + x. cos(1/x) We have 

]=0. lim𝑥→0𝑓(𝑥)𝑔𝑥+ 𝑖 ℎ(𝑥) = 11+𝑖.    lim𝑥

 

: Let f be a mapping defined over a bounded interval 

assuming values in a Banach space, and f along with its derivatives up to nth  

exists except a countable set of points in  

-a)n is integrable 

+ Rn. 

(t) exists at all points in   (a, b), then we can also obtain usual 

Proof :  We use induction and integration by parts .For n  = 0 the result follows by 

Fundamental theorem of calculus. We use  integration by parts with F = f (n) and   

.  First integral exists by induction, hypothesis by continuity.  Thus , 

derivative exists 

everywhere, we use the mean value theorem for the  integral[Chapter 2,Theorem  ] 

To obtain Cauchy form of remainder we use mean value theorem [Chapter 2, Theorem 

○          

L Hospital’s Rule is not valid for complex valued functions. Consider 

We have lim → 𝑓(𝑥) =

𝑥→0𝑓′(𝑥)𝑔′𝑥+ 𝑖 
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.Theorem [32 ] L. Hospital’s Rule 

i)  lim → 𝑓(𝑥) = lim → 𝑔(𝑥) = 0, g(x) 

ii)  The derivatives f ′ and g ′ exist on (0, b), except for  a countable set A, 

iii)  lim  ↓ 
∫ | ′( )|

′( )
 = K <   ∞,

iv)  sequence xn 0, with xn A, the limit  

Then , lim →
( )

( )
= 𝐿.  

Remark : If A = , then (iv) can be expressed as 

Proof :  ε> 0,  a > 0 such that, | f

lim →

′( )

′( )
= 𝐿,   and  

∫ ′( )

| ( )|
 < K + 1,  as 

for each x with 0 < x < , we have, | 

 ≤    
∫ | ′( )|

| ( )|
   < ε. ( K + 1). ○             

Construction [33] : Right- Left-Procedure

end point or right end point of an interval when  the premeasure is additive

 To see this we consider a single term f(x). 

the gauge function .x-δ(x) ≤ u  < v ≤ x+δ[x]. We can denote D by  K  

K = [u, x] and H =[x, v]. The term f(x) . 

This procedure is called the right-left Procedure .The tag can  be

Conversely it is possible to reverse the process and consolidate two abutting bounded 

subintervals that have same point as the tag.  Then the tag is never at a vertex except 
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 :  Suppose  f,  g  : (0, b) ℂ are continuous,

= 0, g(x) ≠ 0 holds for all x (0, b). 

′ and g ′ exist on (0, b), except for  a countable set A,  

∞, 

A, the limit  lim →

′( )

′( )
 = L exists and is finite.

, then (iv) can be expressed as lim →
( )

( )
= 𝐿. 

> 0 such that, | f′(x) – L. g′(x) | < ε  | g ′(x) | , x  A, as 

< K + 1,  as lim Sup  ↓
∫ | ′( )|

| ′( )|
  = K. Consequently 

, we have, | 
′( )

( )
 – L |  =   

 |  ∫ ′( ) ′( ) |

| ( )|
  

< ε. ( K + 1). ○              

Procedure :  We can always restrict the tag to be a left 

end point or right end point of an interval when  the premeasure is additive.

To see this we consider a single term f(x). ∆ D  in the Riemann sum , and δ as 

δ(x) ≤ u  < v ≤ x+δ[x]. We can denote D by  K   H, where              

K = [u, x] and H =[x, v]. The term f(x) . ∆ D = f(x). ∆K + F(y). ∆H. 

left Procedure .The tag can  be only at a vertex.

Conversely it is possible to reverse the process and consolidate two abutting bounded 

subintervals that have same point as the tag.  Then the tag is never at a vertex except 

are continuous, 

 

= L exists and is finite. 

A, as 

= K. Consequently 

We can always restrict the tag to be a left 

. 

the Riemann sum , and δ as 

H, where              

only at a vertex. 

Conversely it is possible to reverse the process and consolidate two abutting bounded 

subintervals that have same point as the tag.  Then the tag is never at a vertex except 
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Example [34] :∫  dx. We show that the  Henstock

First  consider∫  dx.  We apply Hakes theorem [Chapter 3, theorem 45] We 

consider ∫   dx and integrate b

Since | cos x | ≤ 1, first term tends to zero as b 

limit exists as  b ∞.So  the integral 

As regards ∫  dx, the only discontinuity is  the removable discontinuity at x = 0. 

So the integral exists. Hence   

∫ 𝑑𝑥 =∑ ∫
( )

The series diverges as n 

thus not Lebesgue integrable. So we have a bounded function which is Henstock

Kurzweil integrable, but not Lebesgue integrable.    

The examples which follow  can be dropped by applied scientists.

 an integrable function f on the real line which is not the derivative of any function.

Example  [35]: Consider f(x) defined on [0, 2] defined as, f(x) = [x], where [x] denotes 

the nearest integer less than or equal to x. So f(x) = 0 on [, f(x) =1 on [1, 2).     f (2) = 

2. Clearly f is integrable on [0, 2] and the integral is 1. 

But f can not be derivative of any function, as by Darboux theorem the derivative F

any function F on the interval [a, b] has intermediate value property .It assumes any  

value between Fʹ(u) and Fʹ( v) for u, v
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G  llluminating Examples 

dx. We show that the  Henstock-Kurzweil integral exists.

dx.  We apply Hakes theorem [Chapter 3, theorem 45] We 

dx and integrate by parts, to get the value ,  - Cos b / b     

≤ 1, first term tends to zero as b  ∞ while   ∫  𝑑𝑥

∞.So  the integral ∫  dx   exists.  

dx, the only discontinuity is  the removable discontinuity at x = 0. 

So the integral exists. Hence   ∫ 𝑑𝑥 exists. However ∫  dx does not  exist .

)
𝑑𝑥≥∑

( )
∫ |sin 𝑥|

( )
 𝑑𝑥

 ∞. So the function  is not absolutely integrable and 

thus not Lebesgue integrable. So we have a bounded function which is Henstock

Kurzweil integrable, but not Lebesgue integrable.    

e examples which follow  can be dropped by applied scientists. 

integrable function f on the real line which is not the derivative of any function.

]: Consider f(x) defined on [0, 2] defined as, f(x) = [x], where [x] denotes 

the nearest integer less than or equal to x. So f(x) = 0 on [, f(x) =1 on [1, 2).     f (2) = 

2. Clearly f is integrable on [0, 2] and the integral is 1.  

ive of any function, as by Darboux theorem the derivative F

any function F on the interval [a, b] has intermediate value property .It assumes any  

ʹ(u) and Fʹ( v) for u, v[a, b]. f does not assume all values between 0 

 

Kurzweil integral exists. 

dx.  We apply Hakes theorem [Chapter 3, theorem 45] We 

Cos b / b     - ∫  𝑑𝑥 

𝑑𝑥 |   ≤  ∫   and 

dx, the only discontinuity is  the removable discontinuity at x = 0. 

dx does not  exist . 

𝑑𝑥 =  ∑
( )

. 

is not absolutely integrable and 

thus not Lebesgue integrable. So we have a bounded function which is Henstock-

Kurzweil integrable, but not Lebesgue integrable.     

integrable function f on the real line which is not the derivative of any function. 

]: Consider f(x) defined on [0, 2] defined as, f(x) = [x], where [x] denotes 

the nearest integer less than or equal to x. So f(x) = 0 on [, f(x) =1 on [1, 2).     f (2) = 

ive of any function, as by Darboux theorem the derivative Fʹ of 

any function F on the interval [a, b] has intermediate value property .It assumes any  

[a, b]. f does not assume all values between 0 
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Example [ 36] : Dirichilet  function is Henstock

Consider f : [0, 1]  ℝ  , f(x) = 1 when x is rational, and 0 when x is irrational.

Proof:- Since the set of rational numbers  is countable we

enumeration of the set of rational numbers in [0, 1].  Let 

Define a gauge   as,  (t) =   1 , if t is irrational.  If t is rational then t =  r

We then define (t) = 
.

 . 

Let P = {(tk, Jk) : k =1, 2… m} be a δ fine tagged partition.

For irrational tags t, the contribution to Riemann sum is 0. 

 If t is a rational tag in Jk , then | Jk 

Since no point can occur as  tag  in more than 2 subintervals,  contribution to the 

Riemann sum  from rational tags is  

So  f is integrable over      [0, 1] and the  integral is 0. 

Example [37] : Cantor set   Let I =[0,1]. Trisect I and remove middle open interval I

Trisect I into 3 subintervals of length 

Again trisect tow remaining intervals I

 and I7 =[ , ],I8 = ( , ), I9 = [ , 1] . We get 6 intervals of length 1/9 each. Remove the 

2 middle open intervals I5 & I8. Total length of removed intervals is 2.(

trisect remaining 4 intervals into total 12 intervals of length 

open intervals each of length . So length of intervals  removed now is 

At the nth  stage,  trisect 2n-1 intervals and remove 2
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, f(x) = 1 when x is rational, and 0 when x is irrational.

Since the set of rational numbers  is countable we let rn, n =1…. , be an 

enumeration of the set of rational numbers in [0, 1].  Let  > 0 be given.  

1 , if t is irrational.  If t is rational then t =  rn for some n, 

k =1, 2… m} be a δ fine tagged partition. 

For irrational tags t, the contribution to Riemann sum is 0.  

 | ≤      

Since no point can occur as  tag  in more than 2 subintervals,  contribution to the 

um  from rational tags is  ≤ 2. ∑  .  =  ε.  

So  f is integrable over      [0, 1] and the  integral is 0. ○ 

Let I =[0,1]. Trisect I and remove middle open interval I

Trisect I into 3 subintervals of length 𝑒𝑎𝑐ℎ. I1 =[0, ] I2= ( , ),I3= [ , 1] .  

Again trisect tow remaining intervals I1 and I2 into I4 =[0, ],I5 = ( , ), I6 = [

, 1] . We get 6 intervals of length 1/9 each. Remove the 

. Total length of removed intervals is 2.(  ) = 

trisect remaining 4 intervals into total 12 intervals of length . (   ). Remove 4 middle 

. So length of intervals  removed now is . 

intervals and remove 2n-1 open intervals each of length 

, f(x) = 1 when x is rational, and 0 when x is irrational. 

, be an 

for some n, 

Since no point can occur as  tag  in more than 2 subintervals,  contribution to the 

Let I =[0,1]. Trisect I and remove middle open interval I2 

 

= [ , ]  

, 1] . We get 6 intervals of length 1/9 each. Remove the 

) = . Again 

). Remove 4 middle 

 

open intervals each of length . 
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 Note that we are removing a countable union of open intervals from [0, 1] .

Countable union of open intervals is open set. Complement of open set is closed set. 

So Cantor set is closed set. We denote it by K.   

 K = [0, 1]  G` , where G is the open set formed by the intervals removed. 

An open set is measurable.  [0,1] is measurable with measure 1

 μ[0, 1] = μK + μG. But μG is the sum of lengths of the open intervals removed as the 

open intervals are pairwise disjoint .So |G |= 

First term A = , r = . So |G| = sum = 

So cantor set has measure 0 and hence it is a null set. 

and hence a compact set of measure zero . Hence it is of content 0. 

Note the end points 0, 1, , 

As Cantor set is a closed subset, Cantor set is complete metric space.

Definition [85] A  metric space is called perfect if each point is a cluster pt.

   Let x be a point in the Cantor set. Take any neighbourhood containing x. If it does 

not intersect the cantor set, i

 But then x can not lie in cantor set. This is a contradiction.  

So each point x is a cluster point. So cantor set is a perfect metric space.

Lemma [39] : A nonempty perfect complete metric  space 

Proof : Suppose X is countable X = {x

ball of radius r1= min{1,  
(

Since y1 is a cluster point infinitely many x
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n intervals is open set. Complement of open set is closed set. 
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open intervals are pairwise disjoint .So |G |=  +  +  + ...  This is geometric series. 

. So |G| = sum =   =  = 
/

/
 = 1.  So |K|  =0. 

So cantor set has measure 0 and hence it is a null set. So cantor set is a closed bounded 

and hence a compact set of measure zero . Hence it is of content 0.  

, ... belong to cantor set K.  

is a closed subset, Cantor set is complete metric space.

5] A  metric space is called perfect if each point is a cluster pt.

Let x be a point in the Cantor set. Take any neighbourhood containing x. If it does 

not intersect the cantor set, it must be contained in one of the deleted open intervals.

But then x can not lie in cantor set. This is a contradiction.   

So each point x is a cluster point. So cantor set is a perfect metric space.

] : A nonempty perfect complete metric  space X is uncountable.

Proof : Suppose X is countable X = {xn: n  ℕ}. Let .y1 =x2. Let Y1 = B[y

, )
 }. Then Y1 excludes x1. 

is a cluster point infinitely many xn lie in the open ball B(y1, r

( , )

 

Note that we are removing a countable union of open intervals from [0, 1] . 

n intervals is open set. Complement of open set is closed set. 

G` , where G is the open set formed by the intervals removed.  

= 1. 

μ[0, 1] = μK + μG. But μG is the sum of lengths of the open intervals removed as the 

+ ...  This is geometric series. 

= 1.  So |K|  =0.  

So cantor set is a closed bounded 

is a closed subset, Cantor set is complete metric space. 

5] A  metric space is called perfect if each point is a cluster pt. 

Let x be a point in the Cantor set. Take any neighbourhood containing x. If it does 

t must be contained in one of the deleted open intervals. 

So each point x is a cluster point. So cantor set is a perfect metric space. 

X is uncountable. 

= B[y1,r1] closed 

, r1).  
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Let Y2 = B[y2, r2].  Y2  Y1 and excludes x

 As y2 is a cluster point infinitely many x

Let y3  x3  Let r3 = min { , 
( , )

 Let Y3 = B[y3, r3].  Y3  Y2 and excludes x

 We proceed inductively to obtain nested sequence of closed sets (Y

So,  a unique point y in their intersection and hence y is in  each Y

y can not be any point in the sequence  (x

but y  X = {x1, x2, ..   }. This is  a contradiction.

Cantor set is totally disconnected as no open interval and 

hence no interval is contained in K., since then |K| > 

length of the open interval.

interval is strictly positive while |K| =0. This is not 

possible.

Henstock-kurzweil  integral offers an elegant yet simple proof of  the complete 

fundamental theorem of calculus and allows us to extend calculus , the mea

theorem, taylors formula satisfactorily for vector valued mappings

The reader can skip the remaining sections in this chapter  without any loss of 

continuity. The last section constructs computer programs. Both these sections are not 

necessary for a graduate course and for continuity of the subject matter.
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length of the open interval. But the length of open 

interval is strictly positive while |K| =0. This is not 
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Conclusions 

kurzweil  integral offers an elegant yet simple proof of  the complete 

fundamental theorem of calculus and allows us to extend calculus , the mea

theorem, taylors formula satisfactorily for vector valued mappings. 

The reader can skip the remaining sections in this chapter  without any loss of 

continuity. The last section constructs computer programs. Both these sections are not 

a graduate course and for continuity of the subject matter. 
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hence no interval is contained in K., since then |K| > 

But the length of open 

interval is strictly positive while |K| =0. This is not 

kurzweil  integral offers an elegant yet simple proof of  the complete 

fundamental theorem of calculus and allows us to extend calculus , the mean value 

The reader can skip the remaining sections in this chapter  without any loss of 

continuity. The last section constructs computer programs. Both these sections are not 
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*H Computer Programs for variable partitions and Riemann sums

  We have designed a computer program to find approximate values for some integrals 

by using variable length partitions. The Program is based on the idea of adaptive 

quadrature  using Simpson’s rule. In adaptive quadrature, a particular subinterval is 

repeatedly bisected for application of Simpson’s rule until the error estimate is lesser 

than preassigned error. Variable Partitions are produced automatically in our  program.  

The parameter “gap” can be adjusted by the user. Our programs are in C.

 The function is  f(x) = log( 1 

#define epsilon  0.00000 /* by anil Pedgaonkar */
#define gap 0.01 
 
float f ( float x) /* the code for function*/
{ float y = 0.0; 
 if ( (  (fabs( x ) <= epsilon ))) 
 y = 0.0; 
else y = log( 1.0 - cos (x) ); 
 Return)(y);  
/* here is the adaptive program */
 
float adaptive(double error, float a, float b,  float integral)
{float x2,x1,x3,y0,y1,y2,y3,y4,h,subpart1,subpart2;
 double estimate; 
 h = (b -a)/ 4.0; x2 = (a+b)/2.0; y0 = f(a);
 x1 = a + h;  y1 = f(x1); y2 = f(x2); x3 = a + 3*h;  
 y3 = f(x3);  y4 = f(b); 
 subpart1 = (h/3.0) * (y0 + 4*y1+ y2);
 subpart2 = (h/3.0) * (y2 + 4*y3 + y4);
 estimate=(1.0/15.0)*(integral- subpart1+subpart2));
  if (fabs(estimate) >= error && ( b 
   { error/= 2.0; 
 subpart1 = adaptive(error, a, x2,  subpart1);
 subpart2 = adaptive(error, x2, b, subpart2);
  } 
else  printf("\n  [%f, %f]", a, b); 
return( integral =subpart1 +subpart2);}
main () 
{float a = 0.0, b = 1.0,c,h, integral,
 error =0.000001; c = (a+b)/2.0; 
 integral =( h/3.0) *(f(a) + 4*f(c) + f(b));
printf("\n by anil pedgaonkar "); 
printf("\n function is log( 1 -cos(x)");
printf("\n\n automatically produced partitions are for width =%f", gap);
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Computer Programs for variable partitions and Riemann sums

We have designed a computer program to find approximate values for some integrals 

by using variable length partitions. The Program is based on the idea of adaptive 

quadrature  using Simpson’s rule. In adaptive quadrature, a particular subinterval is 

atedly bisected for application of Simpson’s rule until the error estimate is lesser 

than preassigned error. Variable Partitions are produced automatically in our  program.  

The parameter “gap” can be adjusted by the user. Our programs are in C.

ion is  f(x) = log( 1 – cos x) when x ≠ 0,  f ( 0) = 0. 

#define epsilon  0.00000 /* by anil Pedgaonkar */ 

float f ( float x) /* the code for function*/ 

/* here is the adaptive program */ 

float adaptive(double error, float a, float b,  float integral) 
{float x2,x1,x3,y0,y1,y2,y3,y4,h,subpart1,subpart2; 

y0 = f(a); 
x1 = a + h;  y1 = f(x1); y2 = f(x2); x3 = a + 3*h;   

subpart1 = (h/3.0) * (y0 + 4*y1+ y2); 
subpart2 = (h/3.0) * (y2 + 4*y3 + y4); 

subpart1+subpart2)); 
error && ( b -a) > gap) 

subpart1 = adaptive(error, a, x2,  subpart1); 
subpart2 = adaptive(error, x2, b, subpart2); 

 
return( integral =subpart1 +subpart2);} 

,h, integral, 
 

integral =( h/3.0) *(f(a) + 4*f(c) + f(b)); 
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Computer Programs for variable partitions and Riemann sums 

We have designed a computer program to find approximate values for some integrals 
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3) The function is f(x) = 
√| |

  , x ≠

#include <math.h>      /* by anil pedgaonkar*/
#define epsilon  0.000001 
#define gap 0.000001 
 /* f(x) = 1/ sqroot(|x|) on [-0.6, 0.6] */ 
float f ( float x) 
{ float y = 0.0; 
 if ( (  (fabs( x ) <= epsilon ))) 
 y = 0.0; 
Else 
 y = 1.0 / ( sqrt( fabs( x ))); 
 
return (y); 
} 
 
 
4) The function is  f(x) = √x .Cos ( 

 = -1, otherwise on  [ 0, 100]. 

include <math.h>      /* by anil pedgaonkar*/

#include <math.h>      /* by anil pedgaonkar*/
#define epsilon  0.000001 
#define gap 0.000001 
float f ( float x) 
{ float y = 0.0; 
 if ( (  (fabs( x + 1.0) <= epsilon )))
 y = 0.0; 
  Else 
 y = 1.0 / ( sqrt( 1.0 - x * x));
 
return (y); 
} 
 

We consider the function  
√1

0  to be integrated on [-1, 0].
The code for the function is as follows
 
#include <math.h>      /* by anil pedgaonkar*/
#define epsilon  0.000001 
#define gap 0.000001 
float f ( float x) 
{ float y = 0.0; 
 if ( (  (fabs( x + 1.0) <= epsilon )))
 y = 0.0; 
  Else 
 y = 1.0 / ( sqrt( 1.0 - x * x));
 
return (y); 
} 
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≠ 0, f(0) = 0. 

#include <math.h>      /* by anil pedgaonkar*/ 

√x .Cos ( π x/50), if x is a perfect square, 

include <math.h>      /* by anil pedgaonkar*/ 

#include <math.h>      /* by anil pedgaonkar*/ 

if ( (  (fabs( x + 1.0) <= epsilon ))) 

x * x)); 

1

1   2 ,       |   |≠ 1, otherwise  f(x) =  

1, 0]. 
The code for the function is as follows 

#include <math.h>      /* by anil pedgaonkar*/ 

if ( (  (fabs( x + 1.0) <= epsilon ))) 

x * x)); 
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#define gap 0.000001 
#define pi 3.142 
  float f ( float x)   
{ float y = 0.0;int n; 
 for (n =1; n <=10 && x > n*n ; n++)
   if ( x == (n*n)) 
printf("\n %f",y = n *fabs(cos(pi *x)/50.0));
 Else 
   y = -1.0; 

return (y); 
} 
automatically produces variable partitions for width = 0.000001

. Some contributors to Integration Theory

Astronomical computations used in Vedas, are illustrations of integration techniques. 

Eudoxus, Archimedes, Aryabhatta, Gottfried Lebinitz, Issac Newton, Leonard Euler, 

Augstin Cauchy, Bernhard Riemann, Young, Thom

Daniell, Marshall Stone, Johann Radon, Otto Nikodym, Alfred Haar, F. Riesz,            

N. Weiner, S.Bochner, Ralph Henstock, Jarsolav Kurzweil, S.Mcshane, R.Feynmann,   

are  some of the names who contributed to integratio

. Professor Pat Muldowne’s book “A Modern theory of 

Axiomatic development  Integration dates back to Eudoxus.
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treasure, full of novel ideas 

including, some originally due 

to  Professsor Ralp
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Dass and Professor D.K. 

Ganguly have done a lot

research  work in this area 
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*I Metric Semigroups

We now present a treatment of the integral when mappings assume values in a metric 

semigroup. The notion of a Metric Seimgroup

fuzzy real values as well as Aumann integral of set valued mappings used in 

Economics, by Nobel laureate Aumann in [ 4 ]. A metric semigroup is a generalization 

of the notion of a Banach space. Integral for metric sem

introduced in [14] by A. Boccutto. An important example of a metric semigroup is 

furnished by the set of fuzzy real numbers L(

Nguyen H. Walker H,  [63] for an introduction to fuzzy numbers and 

Boccuto A, Candeloro D, Sambucini A, [14],

Boccuto A.,Riecan B, Sambucini A [16] where it is shown that fuzzy numbers form a 

metric semigroup.  However we prefer to treat general metric semigroups. 

not know about fuzzy real numbers.

Definition [36]A metric semigroup is

semigroup and ( Y, d) is a complete metric space satisfying the following properties,

(i)The scalar multiplication is left distributi

( ii)  (+ ). x = .x + .x  , for x 

(iii) d( a + b, c + d) ≤ d(a, c) + d( b, d), a, b, c, d 

(iv) d(a, b) ≤ |  |. d(a, b) for 

 (v) 1.y = y , for all y in Y. 

A metric semigroup Y is called invariant, if 
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We now present a treatment of the integral when mappings assume values in a metric 

Metric Seimgroup serves to model the mappings assuming 

fuzzy real values as well as Aumann integral of set valued mappings used in 

Economics, by Nobel laureate Aumann in [ 4 ]. A metric semigroup is a generalization 

of the notion of a Banach space. Integral for metric semigroup valued mappings is 

introduced in [14] by A. Boccutto. An important example of a metric semigroup is 

furnished by the set of fuzzy real numbers L(ℝ ). We refer the reader to the book 

[63] for an introduction to fuzzy numbers and to the papers by 

Boccuto A, Candeloro D, Sambucini A, [14],A. Boccuto , A. R. Sambucini[15], 

Boccuto A.,Riecan B, Sambucini A [16] where it is shown that fuzzy numbers form a 

metric semigroup.  However we prefer to treat general metric semigroups. We need 

not know about fuzzy real numbers. 

metric semigroup is a triple (Y, d, + .), with (Y, +) is a commutative 

semigroup and ( Y, d) is a complete metric space satisfying the following properties,

(i)The scalar multiplication is left distributive. .( x+ y) = .x + .y, ℝ, x, y 

 Y and ,   ℝ+ , that is  ,  ≥ 0 } 

≤ d(a, c) + d( b, d), a, b, c, d  Y. 

ℝ , a, b  Y.  

A metric semigroup Y is called invariant, if   a, b, c   Y, d (a + c, b+ c) = d (a, b), 

We now present a treatment of the integral when mappings assume values in a metric 

serves to model the mappings assuming 

fuzzy real values as well as Aumann integral of set valued mappings used in 

Economics, by Nobel laureate Aumann in [ 4 ]. A metric semigroup is a generalization 

igroup valued mappings is 

introduced in [14] by A. Boccutto. An important example of a metric semigroup is 

). We refer the reader to the book 

to the papers by 

. Boccuto , A. R. Sambucini[15], 

Boccuto A.,Riecan B, Sambucini A [16] where it is shown that fuzzy numbers form a 

We need 

a triple (Y, d, + .), with (Y, +) is a commutative 

semigroup and ( Y, d) is a complete metric space satisfying the following properties, 

, x, y Y. 

d (a + c, b+ c) = d (a, b),  
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As stated above one example is furnished by the set of fuzzy real numbers L[

We now give an example of a metric semigroup other than L(

Example [37] :Consider the following families of subsets of 

C = the family of nonempty closed subsets of 

κC = family of nonempty closed convex subsets of 

and scalar multiplication as,  

The  standard  Hausdroff  metric d

Define Excess of A over B = e(A, B) = sup {d(a, B) : a 

A = e(B, A) = sup { d(A, b) : b 

We define Hausdroff metric as d

the symbol d for dH as it is the only metric under consideration on  family of sets.

It is shown in the book by Diamond Phil &Kloeden P. [23, pp 9

metric, each of the above family is a metric space and thus κ

metric semigroup.  We illustrate the Minkowski addition and scalar multiplication.

𝕀)  Consider A = [0, 1]. Hence (

A + (-1). A  ≠  {0},   but  we  have A + (

 Definition of Integral [38]: Let f be a mapping defined on an  nondegenerate interval 

B( or defined on a nondegenerate interval [a, b], except on a negligible set  )  assuming 

values in  a metric semigroup Y. G

defined as, S(P, f) =  ∑ |𝐽

If f is undefined at some tag point t
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As stated above one example is furnished by the set of fuzzy real numbers L[

We now give an example of a metric semigroup other than L(ℝ). 

Example [37] :Consider the following families of subsets of ℝ. 

C = the family of nonempty closed subsets of ℝ, κ = nonempty compact subsets of 

= family of nonempty closed convex subsets of ℝ.We define Minkowskiaddition 

and scalar multiplication as,  A+ B ={ a + b: a A, b  B},  A = { 

The  standard  Hausdroff  metric dH, for a pair of sets is defined   as follows.

Define Excess of A over B = e(A, B) = sup {d(a, B) : a A}, Define excess of B over 

A = e(B, A) = sup { d(A, b) : b  B}.  

We define Hausdroff metric as dH(A, B) = max {e(A, B), e(B, A)}. Hereafter we use 

as it is the only metric under consideration on  family of sets.

It is shown in the book by Diamond Phil &Kloeden P. [23, pp 9-10], that under this 

, each of the above family is a metric space and thus κC furnishes an example of 

metric semigroup.  We illustrate the Minkowski addition and scalar multiplication.

)  Consider A = [0, 1]. Hence (-1).A = [-1, 0]. 

{0},   but  we  have A + (-1).A = [-1, 1]. 

[38]: Let f be a mapping defined on an  nondegenerate interval 

B( or defined on a nondegenerate interval [a, b], except on a negligible set  )  assuming 

values in  a metric semigroup Y. Given a tagged partition P of B, the Riemann sum is 

𝐽 |. 𝑓(𝑡 ). 

If f is undefined at some tag point tk we do not include  the corresponding term.

 

As stated above one example is furnished by the set of fuzzy real numbers L[ℝ].  

, κ = nonempty compact subsets of ℝ, 

.We define Minkowskiaddition 

.a : a  A}.  

, for a pair of sets is defined   as follows. 

A}, Define excess of B over 

(A, B) = max {e(A, B), e(B, A)}. Hereafter we use 

as it is the only metric under consideration on  family of sets. 

10], that under this 

furnishes an example of 

metric semigroup.  We illustrate the Minkowski addition and scalar multiplication. 

[38]: Let f be a mapping defined on an  nondegenerate interval 

B( or defined on a nondegenerate interval [a, b], except on a negligible set  )  assuming 

iven a tagged partition P of B, the Riemann sum is 

we do not include  the corresponding term. 
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 We define f is integrable, if there exists I  

exists a gauge  , such that for any  

say I is integral of f over [a, b] and denote it by I(f)= I(B, f).

 We now extend the fundamental theorem of  Calculus, and mean value theorem 

to the setting of Metric semigroups.  We consider only invariant metric semigroups.

Definition [39]HakukaraDifference

semigroup. We define the Hakukara difference a 

We note that Hakukara difference may not exist, for all pairs a,  b.

Theorem[36]:Hakukara difference of any two elements, when it exists is unique.

Proof: Let a – b = c, and  a – b = d . Hence a = b + c = b + d. 

d(c, d) ≤  d(b+c, b+d) = d(a, a) = 0.  Hence c = d. ○

Remark [40]: Hakukara difference a 

 If ‘0’ exists  then  a - a = 0, even though a+ (

Example [41] : Consider the sets in example 14. [

Example[42] : The Hakukara difference {0}

[ 0, 1] can ever belong to {0}. 

Theorem[43]: b +(a - b) = (a - b) + b = a, if

Proof :Let a – b = c. then b + c = a by definition .Hence b + a 

equality follows by commutative property.

Theorem[44]:  (a + x)  – (b+y ) = ( a 

Proof: Let a – b = c, x – y = z. Thus a = c + b, x =  z+ y. So a + x  =  (c+ z) + ( b + y).
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We define f is integrable, if there exists I   Y,  such that, for  given  ε > 0, there 

, such that for any   fine tagged partition of B, d(S(P, f), I ) < ε. We 

say I is integral of f over [a, b] and denote it by I(f)= I(B, f). 

We now extend the fundamental theorem of  Calculus, and mean value theorem 

ng of Metric semigroups.  We consider only invariant metric semigroups.

HakukaraDifference :Let a and b be two elements in a metric 

semigroup. We define the Hakukara difference a – b  as a - b = c , if b + c =a. 

ence may not exist, for all pairs a,  b. 

Theorem[36]:Hakukara difference of any two elements, when it exists is unique.

b = d . Hence a = b + c = b + d.  

≤  d(b+c, b+d) = d(a, a) = 0.  Hence c = d. ○ 

Hakukara difference a - b is not to  be confused with a + (-1) b. 

a = 0, even though a+ (-1).a may not be  0. 

Example [41] : Consider the sets in example 14. [-1, 1]  - [0, 1] =  [-1, 0]. 

Example[42] : The Hakukara difference {0} –[0, 1]  does not exist, as no translate of

b) + b = a, if the Hakukara difference  a –b is defined.

b = c. then b + c = a by definition .Hence b + a –b = b + c = a. The other 

quality follows by commutative property.○ 

(b+y ) = ( a – b ) + ( x – y) , provided all differences exist.

y = z. Thus a = c + b, x =  z+ y. So a + x  =  (c+ z) + ( b + y).

0, there 

fine tagged partition of B, d(S(P, f), I ) < ε. We 

We now extend the fundamental theorem of  Calculus, and mean value theorem 

ng of Metric semigroups.  We consider only invariant metric semigroups. 

:Let a and b be two elements in a metric 

b = c , if b + c =a.  

Theorem[36]:Hakukara difference of any two elements, when it exists is unique. 

1) b.  

[0, 1]  does not exist, as no translate of 

b is defined. 

b = b + c = a. The other 

y) , provided all differences exist. 

y = z. Thus a = c + b, x =  z+ y. So a + x  =  (c+ z) + ( b + y).○ 



Modern Integration Theory & Applications  
DOI: 10.13140/RG.2.2.12717.28648/1 III

Proof: let a – b = x, b – c = y. Then a = b + c, b = c + y. Hence,  a = c + x + y.

Hence a – c = x + y. ○ 

Remark :( Limit and continuity) Since (Y, d) is a metric space we can define limits 

and continuity of any mapping f , assuming values in Y.

Definition [46]Hakukara Derivative

b) in ℝ  and assuming values in a metric semigroup, is Hakukara differentiable at  a 

point , t, in (a, b), if there exists an elements in Y such that,

lim → 𝑑
{ ( ) ( )}

, 𝑠  = 

which Hakukara difference exists  being considered while computing the limit. We 

denote the value s , by  F (t).

 If F is differentiable  t  (a, b) then we say F is differentiable in (a, b) and 

a new mapping from (a, b) to Y, called as derivative of F and denoted by F

Remark [47]: The Hakukara difference F( t

simple linear mapping F(t) = t.A, so we have taken the difference in reverse order 

the definition. We illustrate  the phenomenon by an example.

Example [48]A =  [ 0, 1] as in the example 14. Let t =1 , F(t) = t.A , 

F(1) = A, F(1-h) = (1-h).[0, 1] = [0, 1

No translate of A = [0, 1] can give  [0, 1

Theorem[46] :Hakukara derivative, is unique, whenever it exists..

Proof: Let if possible s and r be two values for derivative of F at t. 

Then d(s, r) ≤d (
( ) ( )

,
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c = y. Then a = b + c, b = c + y. Hence,  a = c + x + y.

Remark :( Limit and continuity) Since (Y, d) is a metric space we can define limits 

and continuity of any mapping f , assuming values in Y. 

Hakukara Derivative : We say a mapping F defined on   the interval (a, 

and assuming values in a metric semigroup, is Hakukara differentiable at  a 

point , t, in (a, b), if there exists an elements in Y such that, 

= lim → 𝑑
{ ( ) ( )}

, 𝑠  = 0, only   the points for 

which Hakukara difference exists  being considered while computing the limit. We 

(t). 

(a, b) then we say F is differentiable in (a, b) and 

a new mapping from (a, b) to Y, called as derivative of F and denoted by F

Remark [47]: The Hakukara difference F( t-h) – F(t) does not always exist even for a 

simple linear mapping F(t) = t.A, so we have taken the difference in reverse order 

the definition. We illustrate  the phenomenon by an example. 

Example [48]A =  [ 0, 1] as in the example 14. Let t =1 , F(t) = t.A ,  

h).[0, 1] = [0, 1- h], where,  0 < h< 1.  

No translate of A = [0, 1] can give  [0, 1-h], when h > 0. 

Theorem[46] :Hakukara derivative, is unique, whenever it exists.. 

Proof: Let if possible s and r be two values for derivative of F at t.  

( )
, 𝑠) + d (

( ) ( )
, 𝑟) .  

 

c = y. Then a = b + c, b = c + y. Hence,  a = c + x + y. 

Remark :( Limit and continuity) Since (Y, d) is a metric space we can define limits 

: We say a mapping F defined on   the interval (a, 

and assuming values in a metric semigroup, is Hakukara differentiable at  a 

= 0, only   the points for 

which Hakukara difference exists  being considered while computing the limit. We 

(a, b) then we say F is differentiable in (a, b) and this gives 

a new mapping from (a, b) to Y, called as derivative of F and denoted by F. 

F(t) does not always exist even for a 

simple linear mapping F(t) = t.A, so we have taken the difference in reverse order in 
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Theorem  [49]If f and g are differentiable at a point t then i) f + g is differentiable at t 

and (f + g)(t) = f(t) + g(t). ii) f is differentiable and  (

Proof: Proof follows from the preceding propositions.  

Theorem [50] Fundamental theorem of Calculus :

values in a metricsemigroup, Hakukara differentiable on [a, b] with f as it’s derivative. 

Then f is integrable on [a, b]. F (b) =  F (a) + 

To prove the theorem, we select a gauge using straddle lemma.

Lemma [51] (Straddle Lemma): If F is Hakukara  differentiable in a neighbourhood of  

a point t, then for each > 0, there exists a  neighbourhood  of t  say J

whenever, x > t > y are in Jt, , we have

Proof of straddle  lemma : As f is differentiable  at t , given ε > 0,  there exists a 

neighbourhood of t say Jt, such that for x > t > y, x, y 

d(
{ ( ) ( )}

, 𝑓(𝑡)) < 𝜀.  Since x - 

(iv) of metric semigroups. d[F(x) -

< ε.(t-y) We use property (iii) and theorem [40]. So conclusion  follows.

Proof of the  theorem: For a given 

point t in [a, b] we associate an interval J 

δ(t ) = | Jt | = the length of Jt.  Consider a 

tn as tag points, with associated subinterval for each  t
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Theorem  [49]If f and g are differentiable at a point t then i) f + g is differentiable at t 

f is differentiable and  (f) =  f,for any 

f: Proof follows from the preceding propositions.  ○ 

Theorem [50] Fundamental theorem of Calculus :F is continuous on [a, b], taking 

values in a metricsemigroup, Hakukara differentiable on [a, b] with f as it’s derivative. 

on [a, b]. F (b) =  F (a) + ∫ 𝑓(𝑥)𝑑𝑥 .  

To prove the theorem, we select a gauge using straddle lemma. 

: If F is Hakukara  differentiable in a neighbourhood of  

0, there exists a  neighbourhood  of t  say Jt, such that 

we have,   d( F(x) - F(y),f(t) .( x – y ) )2 .( x 

Proof of straddle  lemma : As f is differentiable  at t , given ε > 0,  there exists a 

, such that for x > t > y, x, y Jt,, d (
{ ( ) ( )}

, 𝑓(𝑡

 t and t - y  are greater than 0, we can  use property 

-F(t), (x- t).f(t)]< ε.(x-t),d[F(t)- F(y),(t- y).f(t)]

y) We use property (iii) and theorem [40]. So conclusion  follows.○ 

For a given > 0,select a gauge using  straddle lemma. For each 

point t in [a, b] we associate an interval J tby the straddle lemma. Let  

.  Consider a  fine tagged partition P of [a, b]. with t

as tag points, with associated subinterval for each  tk, as Jk = (yk, xk).                                                

Theorem  [49]If f and g are differentiable at a point t then i) f + g is differentiable at t 

 in ℝ . 

F is continuous on [a, b], taking 

values in a metricsemigroup, Hakukara differentiable on [a, b] with f as it’s derivative. 

: If F is Hakukara  differentiable in a neighbourhood of  

, such that 

.( x - y). 

Proof of straddle  lemma : As f is differentiable  at t , given ε > 0,  there exists a 

𝑡)) < 𝜀,  

y  are greater than 0, we can  use property 

y).f(t)] 

> 0,select a gauge using  straddle lemma. For each 

fine tagged partition P of [a, b]. with t1, t2, .. 
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d(S(P,f),[F(b) - F(a)]) = d(∑

theorem 40  in the transformation of F(b) 

Hakukara differences, each term being 

 d(∑  f (tk).(xk-yk) , [F(x

≤ ∑  2.(xk–yk) = 2.(b – 

Remark : It is possible to modify the above proof, so that differentiability of F is 

assumed only in (a, b). As F is continuous at a, d (F(a), F(t)) < ε, for t 

some v > a. Also u - a  0, as u

d( (u-a). f(t), (u-a).f(a)) = (u 

is sufficiently close to a. Using these subintervals it is possible to relax the hypothesis, 

so that F is assumed to be differentiable in (a, b), continuous on [a, b] 

Theorem[50] Mean Value theorem for mappings taking values in  a metric semigroup    

Let f be a map, f is continuous on the   [ a, b] , and differentiable in  [a, b] , then  f(b) = 

f(a) +  h .∫ 𝑓 (𝑎 +  ℎ)d ,  where  h = b 

Proof:  By chain rule f is a differentiable function of  

with respect to t is derivative of f  with respect to 

immediate by fundamental theorem of Calculus, noting that  h is constant. 

Remark : The Chain rule works, as [0, 1] is mapped onto [a, b]. Since the integral is 

defined by Riemann sums, positive constant h can be pulled out

Corollary[51] :Suppose the metric semigroup contains the zero element 0, and  the 

derivative of a mapping F is zero in an interval then F is constant .
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∑  f(tk).(xk-yk),∑  F(xk) - F(yk)) (We have used the 

theorem 40  in the transformation of F(b) – F(a) to  the sum of terms containing  

Hakukara differences, each term being [ (F(xk) – F(yk)].)   

) , [F(xk) - F(yk)] using the  property(iii). 

 a). ○ 

Remark : It is possible to modify the above proof, so that differentiability of F is 

assumed only in (a, b). As F is continuous at a, d (F(a), F(t)) < ε, for t 

0, as u  a, so consider [a, u] , u = a + r, r > 0. For t 

a).f(a)) = (u –a).d(f(t), f(a)) 0 and thus can be made less than ε if u 

is sufficiently close to a. Using these subintervals it is possible to relax the hypothesis, 

is assumed to be differentiable in (a, b), continuous on [a, b] 

Theorem[50] Mean Value theorem for mappings taking values in  a metric semigroup    

Let f be a map, f is continuous on the   [ a, b] , and differentiable in  [a, b] , then  f(b) = 

,  where  h = b – a.  

Proof:  By chain rule f is a differentiable function of   afor t = a +  

with respect to t is derivative of f  with respect to  multiplied  by h. The proof is 

immediate by fundamental theorem of Calculus, noting that  h is constant. 

Remark : The Chain rule works, as [0, 1] is mapped onto [a, b]. Since the integral is 

defined by Riemann sums, positive constant h can be pulled out of integral sign.

Corollary[51] :Suppose the metric semigroup contains the zero element 0, and  the 

derivative of a mapping F is zero in an interval then F is constant . 

 

We have used the 

F(a) to  the sum of terms containing  

Remark : It is possible to modify the above proof, so that differentiability of F is 

assumed only in (a, b). As F is continuous at a, d (F(a), F(t)) < ε, for t  [a, v] for 

a, so consider [a, u] , u = a + r, r > 0. For t [a, u],  

0 and thus can be made less than ε if u 

is sufficiently close to a. Using these subintervals it is possible to relax the hypothesis, 

is assumed to be differentiable in (a, b), continuous on [a, b]  

Theorem[50] Mean Value theorem for mappings taking values in  a metric semigroup    

Let f be a map, f is continuous on the   [ a, b] , and differentiable in  [a, b] , then  f(b) = 

 h,  derivativeof f 

multiplied  by h. The proof is 

immediate by fundamental theorem of Calculus, noting that  h is constant. ○ 

Remark : The Chain rule works, as [0, 1] is mapped onto [a, b]. Since the integral is 

of integral sign. 

Corollary[51] :Suppose the metric semigroup contains the zero element 0, and  the 
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Proof : We apply the mean value theorem. Since integral of the zero mapping is 

zero(Riemann sum being zero) F(b) = F(a) for any  two  points a, b in the interval.

Remarks: So when we consider the metric semigroup formed by compact convex 

subsets, We get the Aumann integral discussed in the paper Aumann  R. J,[ 4]. 

In Henstock-Kurzweil integration we do not have to consider integrable selectors, and 

the integral is defined directly using the Riemann sum. We illustrate using  some 

examples. The second example is adapted from Nguyen H. Walker H [63],  but it does 

not discuss Henstock-Kurzweil integral.

Example [52]: Let A = [0, 1]. Let  Y be he collection of compact intervals in 

[0, 1] Y be  given by F(t) = t.A, where A = [0, 1].

We find that F(t+ h) – F( t) = h.A =F(t) 

Hence F′(t) = A, for each t  [0, 1]. So if we define f(t) = A, for each t 

then∫ 𝑓(𝑡). 𝑑𝑡 = F(1) – F(0) = A –

Example [53] : Let B be the closed unit ball in the plane.

 on [0, 2π] as, If t [0, π/2], h > 0, then  

as h  0 the Limit is Cos t.B.      

= .[2Sin . Cos ( s+ ). B. As h

Hence ∫ 𝑓(𝑡). 𝑑𝑡
/

 = F(π/2) – F(0) =  3.B 

Hakukara derivative does not exist in [π/2, 3π/2], as in order that Hakukara

be defined, the translate of F(t) must be contained in F(T + h).

So  the diameter of  F(t), must be an increasing  function.
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Proof : We apply the mean value theorem. Since integral of the zero mapping is 

iemann sum being zero) F(b) = F(a) for any  two  points a, b in the interval.

: So when we consider the metric semigroup formed by compact convex 

subsets, We get the Aumann integral discussed in the paper Aumann  R. J,[ 4]. 

egration we do not have to consider integrable selectors, and 

the integral is defined directly using the Riemann sum. We illustrate using  some 

examples. The second example is adapted from Nguyen H. Walker H [63],  but it does 

integral. 

Example [52]: Let A = [0, 1]. Let  Y be he collection of compact intervals in 

Y be  given by F(t) = t.A, where A = [0, 1]. 

F( t) = h.A =F(t) - F(t-h) = h.A,  for  t [0, 1] and h

[0, 1]. So if we define f(t) = A, for each t  [0, 1], 

– {0}= A (We recall the  Hakukara difference)

Example [53] : Let B be the closed unit ball in the plane. Let F(t) = ( 2 + sin t ). B.  

[0, π/2], h > 0, then  
( ) ( )

= .[ 2Sin . Cos (t+ ).B] and 

( ) ( )
  = 

( ) ( )
( by writing  - h as s ) 

 0, the limit is Cos t. B.  S , F′(t) = f(t) = Cos t. B .

F(0) =  3.B – 2.B = B. However as stated  in [63],  the 

Hakukara derivative does not exist in [π/2, 3π/2], as in order that Hakukara 

be defined, the translate of F(t) must be contained in F(T + h).                                          

So  the diameter of  F(t), must be an increasing  function. 

Proof : We apply the mean value theorem. Since integral of the zero mapping is 

iemann sum being zero) F(b) = F(a) for any  two  points a, b in the interval. 

: So when we consider the metric semigroup formed by compact convex 

subsets, We get the Aumann integral discussed in the paper Aumann  R. J,[ 4].  

egration we do not have to consider integrable selectors, and 

the integral is defined directly using the Riemann sum. We illustrate using  some 

examples. The second example is adapted from Nguyen H. Walker H [63],  but it does 

Example [52]: Let A = [0, 1]. Let  Y be he collection of compact intervals in .Let F: 

[0, 1] and h > 0 . 

[0, 1], 

{0}= A (We recall the  Hakukara difference) 

F(t) = ( 2 + sin t ). B.   

).B] and  

h as s )  

′(t) = f(t) = Cos t. B . 

However as stated  in [63],  the 

 difference  
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